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nocenvnaemcH Moeu Mamepu Anne 



Bjiaro^apHOCTH 



AsTop BbicKasMsaeT cboh nepsbie cjioBa rjiy6oKOH 6jiaroflapHO- 
CTH XaHHe KajiHeH/1,0 3a noHHMaHHe anaHHTejibHOCTH TeMbi h sa 
cepfleHHyio BooflymeBjiJiioniyio noMomb b npoflBHJKeHHH paSoTbi. 

OcoSaa npHsnaTejibHOCTb BbipaxcaeTCsi npocj). C. P. KorajiOB- 
CKOMy, KOTopbiii HayHHji aBTopa TeopHH HepapxHit, h npo4)- Akh- 
xnpo KanaMopn sa hx 6ecii;eHHyio BooflymeBjiHiomyK) uopji^epyKKy, 
npHflaBinyio Heo6xoflHMbiH HMnyjibc saBepineHHio pa6oTbi. 

Abtop xoTeji 6bi TaioKe BbipasHTb ocoSyro Gjiaro^apHOCTb npocj). 
A. B. JleSe^eBy a npocj). U. H. SaSpeftKO sa MHorojieTHioio nofl- 
^epjKKy ero pa6oT; 6ojibmoH HHTejijieKTyajibHbiii a MopajibHbili 
ppjir BbicKasbiBaeTCH hm o6ohm sa hx npaKTHHecKyio h /i,yxoBHyio 
noMon],b. 

FjiyGoKyio SjiaroflapnocTb asTop BbiCKasbiBaeT A. A. Jlann,eBH- 

Hy, HanajibHHKy MnncKoro rocy/];apcTBeHHoro Bbicmero aBHaii;H- 
OHHoro KOJiJieflJKa; C. B. CHSHKOBy, saMecTHTejiio HanajibKHKa; 
A.H. PnnHHCKOMy, fleKany cjaaKyjibTeTa rpa>K/i,aHCKOH aBHan,HH; 
A. H. KnpHjieHKO, saBe^aiomero K&^eppoA ecTecTBeHHOHayHHbix 
;];Hcii;HnjiHH, sa cos^aHHe ycjiOBHH fljia njioflOTBopnoH paSoTbi nafl 

3THM HSflaHHeM. 

FjiyGoKaa SjiaroflapnocTb BbipaacaeTca npocj). A. B. TysHKO 
By H K). HpoKonHyKy, KOTopbie OKasbiBajiH aBTopy HHTencHBHyio 
SKcnepTHyro noMomb b naSope leKCTOB. 

HpocJ). B. M. PoMaHHaK OKasbiBaji aBTopy MaTepnajibHyio h 
MopajibHyio noMoii],b b npoflOJiJKeHHH caMoro cjiojKHoro nepnofla 
HCCJieflOBaHHH TeMbi H aBTop HanpaBjiaeT eiviy mhofo cjiob rjiySo 
KOH SjiaroflapHOCTH. 
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Bojibinaa 6jiaroflapHocTb BbiCKasbiBaeTca TaioKe JIioflMHjie Jlan- 
TBHOK, KOTopaa ocymecTBHjia mhofo nepBOHaHajibHbix Tpy^Hbix 
iiaSopoB npeflbi^iymHx tckctob aBTopa, noflroTOBHBniHx STy pa6o 
Ty. 

Ho caMaa rjiy6oKaa cepflennaH 6jiaroflapHocTb BbicKaabisaeT- 
ca Haflexcfle 3a6poflHHOH sa MHorojieTHne BOOflymeBjieHne h nofl- 
flepjKKy, 6e3 KOTopbix 9Ta paSoTa Sbijia 6bi snaHHTejibHO saipyfl- 

HCHa. 

Fpynna flpyrnx cneLi,HajiHCTOB, KOTopbie b TeneHHH floJii'Hx jieT 
no;V],epxcHBajiH h BOOflymeBjiajiH aBTopa, cjinniKOM BejiHKa, hto 
6bi Hx nepeHHCJiHTb, h aBTop Bbipaacaei hm BceM cboio BejiHKyio 
SjiaroflapHOCTb . 



Co^ep:»caHHe 



BeefleHHe 

Fjiaea II. Cneii,HajibHa5i TeopHH: MaTpHHHtie tJ}yHKu,HH [T"" 

§7 MaTpHHHbie 5 -cJayHKi^HH 

§8 MaTpHHHbie a -(^yyuKu^nn 

§9 AnajiHS mohotohhocth a-(\iyHKUfi& 

§10 AnajiHS neMOHOTOHHOCTH a-4)yHKii,HH 



Fjiaea III. IIpHJio^ceHHH cneu,HajifaHOH TeopHH 

§11 /],OKa3aTejibCTBO ochobhoh TeopeMbi 

§12 HeKOTopbie cjieflCTBHH [iii 



IIpHMeHaHHH I49I 



JiHTepaTypa |151 
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BBe/],eHHe 



3Ta pa6oTa npeflCTasjiaeT co6oh nenocpeflCTBeHHoe npoflOJixce- 
HHe npeflbiflymeft nacTH I [29J h cocTaBjiaeT c neft eflHHbm tckct. 
ABTopy npe/;cTaBHjiocb ecTecTBeHHbiM opraHHSOBaTb 3Ty pa6oTy 
TaKHM o6pa30M, HTO B Heft npoflOJiJKaroTCH Bce HyMepaii,HH [29j, b 
TOM HHCjie HyMepaii,HH rjiaB, naparpacJjoB, onpeflejiennft, cJjopMyji, 
yTBepjKfleHHft h flajKe HyMepaii,HH npHMenaHHft a 6H6jiHorpa4)H- 

HeCKHX CCblJIOK. 

TaKJKe 4)opMyjibi, noHHTHH hjih chmbojibi, HcnojibsyeMbie b SToft 
pa6oTe 6e3 noHCHennft, yjKe 6biJiH BBeflenbi h HcnojibsoBajiHCb b 
pa6oTax aBTopa |27] . [28], b nacTH I |29], hjih CHHTaioTCH 06- 

m,eHpHHHTbIMH, HJIH HCHOJIbSyiOTCH B SaMBHaTejIbHOft KHHPe He- 

xa [18j "Lectures in Set Theory with Particular Emphasis on the 
Method of Forcing" (pyccKHft nepcBOfl " Teopna MHoacecTB h mc- 
TOfl c]3opcHHra", M., 1973), coflepxcameft MHorne 6a30Bbie hohhthh 
H CBefleHHH H ropasflo 6ojiee Toro; HOSTOMy ohh 5yflyT CHHTaTbca 

HSBeCTHblMH H HaCTO 6yflyT HCH0JIi.30BaTi.CH 6e3 HOHCHeHHft. 

TaKHM o6pa30M, HHTaTCJiio 6bij[o 6i.i yflflGnee upeflBapHTejibHo o3Ha- 

KOMHTbCH C [29] H C OCHOBHblMH HOHHTHHMH H o6o3HaHeHHHMH 3TOft 

pa6oTbi xoTa 6bi b o6n;HX nepTax. 

Bo BCHKOM cjiynae, 6bijio 6bi HOJie3HO 03HaK0MHTbca npeflBapn- 

TCJIBHO C HJiaHOM BCCft 3TOft pa6oTbI H C KpaTKHM H3JIOJKeHHeM 

HpeflCT05iiii,ero pa3BHTH5i ocHOBHbix ee Hfleft b tom bh^c, KaK oh 
H3JIOJKeH B [29] Ha CTp. 11-20. 

PyKOBOflCTByacb sthmh coo6paJKeHHHMH, HHTaTCjiio cjieflyeT hom- 
HHTb, HTO Bce ccbiJiKH Ha HpeflHiecTByioH^He Haparpa4)i.i c homc- 
paMH MeHBHiHMH 7 OTHOCHTCH K HacTH I |29) , auajiorHHHO fl^Jia Hy- 
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Mepaii,HH yTBepjK/i,eHHit h t./;. 

Hto JKe KacaeTCH coflepjKaHHH stoh pa6oTM a TexHHHecKoft 
CTopoHbi flejia B ii,ejioM, cjie^yeT OTMeTHTb, hto ona cjie^yeT ee 
npe/;bi/;yiii,eMy H3/;aHHK) [17J 2000 rop^a, ho 6ojiee CHCTeMaTHHe- 
CKHM o6pa30M. 

TaKHce cjieflyeT OTMeTHTb, hto b 3tom HSflaHHH [17J h npefline- 
CTByromHX pa6oTax aBTop CTpeMHjicH HsGejKaTb HcnojibsoBaniia 

JIHHHblX aBTOpCKHX nOHHTHli H CHMBOJIHKH (KpOMe CaMblX Heo6xO- 
flHMblx), TaK KaK OH 6bIJI oGeCHOKOeH Tpy/;HOCTHMH H HenpHHTHeM, 
KOTOpbie OHH MOryT BblSBaTB y HHTaTejIH. 

OflHaKO BOCHpHHTHe 3Toro Hpeflbiflyn^ero HSflaHHH |17) HHTa- 
TejiHMH HOKaaajio, hto noflpGnbie OHaceHHH 6ecHOJie3Hbi, HOSTOMy 
noflflGnoe HCHOJibsoBaHHe nensGejKHO b jiio6om cjiynae. 

HosTOMy B HacToameft pa6oTe aBTop npe^npHKHji hhoh nofl- 
xofl H nocHHTaji 6ojiee ecTecTBeHHbiM BOBjienb boo CHCTeMy ero 
jiHHHbix aBTopcKHX noHHTHH H onpe/;ejieHHH B II,ejIOM, KOTOpbie OH 
pa3pa6aTbiBaji c 1976 rofla, Tax KaK ona o6jiaflaeT TexHHHecKoit 
H KOHu;enTyajibHOH BbipasHTejibHocTbro h Be^eT HanocpeflCTBeHHO 
K cyTH flejia, h, TaKHM oGpasoM, 6bijio 6bi cjihhikom HCCKycTBen- 
HbiM H36eraTb ee Hcnojib30BaHHH (cm. npHMenaHHe 3 |29| b Kane- 
cTBe npHMepa) . KaK sto oGbihho 6biBaeT, neKOTopbie yTBep^Kflenna 
nojiyHHjiH CBOH ycHjieHHH; HeKOToptie 4)parMeHTbi, cHHTaBinHecH 
OHeBHflHbiMH B npeflbiflyii^HX pa6oTax aBTopa, nojiynnjiH cbok) fle- 
TajiH3aii,HK); neKOTopbie apryMeHTbi HBMeHHjin CBoe pacnojioJKeHne 
Ha 6ojiee y^oGnoe; TaKJKe HHor/;a HcnojibsoBaHbi neKOToptie ypflG- 
Hbie nepeo6o3HaHeHHH. 

Ho HTO KacaeTCH ochobhbix KOHCTpyKii;HH H paccyjKfleHHH cjie- 
flyeT OTMeTHTb, hto flaHHaa pa6oTa cjie^yeT HSflaHHK) |17| 2000 
rofla, HO B 6ojiee HpoHcneHHOM BH/;e. Ochobhoh pesyjibTaT btoh 
pa6oTbi TaKOB: CHCTeMa 

ZF + 3k {k CAa6o nedocuMCUMUu Kapduna/i) 

necoBMecTHa; Bce paccyjKfleHHH npoBO/;HTCH b 3toh TeopHH. Bee 



BBe/i,eHne 
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CJia6o He/;OCTHJKHMMe Kap/];HHajIM CTanOBHTCH CHJIbHO He/I,OCTH- 

jKHMbiMH B KOHCTpyKTHBHOM Kjiacce L H nosTOMy paccyjKfleHHH 
nepenocHTCH b CTaHflapTHyro cneTHyro ocHOBHyro HcxoflHyro mo- 



+ V = L + 3k {k CAa6o HedocmuoKUMUu KapdunaA), 
H flajiee k sto HaHMeHbniHH HeflocTHJKHMbift Kap;];HHaji b 9Jt. B 

fleftCTBHTejIBHOCTH B 3TOH TeOpHH HCnOJIbSyKJTCH TOJIBKO (JjOpMy- 

jibi HeKOTopoH orpaHHHeHHOH fljiHHbi; 6ojiee Toro, cneTHOCTb 3toh 
MOflejiH HyjKHa tojibko neKOToporo TexHHHecKoro yflo6cTBa h 
MOJKHO o6oliTHCb 6e3 Hee (cm. "BBefleHHe" [29j). B SToii MO/;ejiH 
9Jt cTpoHTCH TaK HasbiBaeMbie MaTpnHHbie 4)yHKii,HH, o6jia/i;aio- 

HeCOBMeCTHblMH CBOitCXBaMH MOHOTOHHOCTH H HeMOHOTOHHO- 

cth; 3THM npoTHBopenneM ycTanaBjiHBaeTca 

OcHOBHaa TeopeMa {ZF) 

He cyvnecmeyem CAa6o nedocmusfcuMux Kapdunajioe. 

3to BjieneT necymecTBOBaHHe chjibho neflocTHJKHMbix Kapflnna- 
jiOB H HecymecTBOBaHHe Bcex flpyrnx Gojibluhx KapflnnajioB. 3th 
MaTpHHHbie 4)yHKii,HH KOHCTpynpyroTCH h paccMaTpHBaroTCH no- 
cpeflCTBOM BJieMeHTapHoro H3biKa h3 4)opMyjibHbix KjiaccoB (cm. 
onpeflejienne 2.1 |29) ) neKOToporo cjaHKcnpoBaHHoro ypoBHH > 3 
Hafl CTaHflapTHOH MOflejibio 



m= (L. 



'X' 




TeopHH 



(^fc,e,=) 



H SaTBM BCe KOHCTpyKIi;HH OCymeCTBJIHIOTCH nocpeflCTBOM 3Toro 

asbiKa (ecjiH o6paTHoe ne ycTanaBjinBaeTCH KOHTeKCTOM). 
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B ;],onojiHeHHe k STOMy b §12 npHBOflaTca neKOTopbie npocTbie 

CJieflCTBHa OCHOBHOH TeOpeMbI H HeKOTOpbDC XOpOmO HSBeCTHbDC 

pesyjibTaTOB. 



FjiaBa II 



Cneii,HajibHa5i Teopna: MaxpHHRbie 

cJ)yHKLI,HH 

7 MaxpHHHbie 6 -c})yHKi],HH 

Sflecb MM coGnpaeMca ocymecTBHTt, flajibHeftmee pasBHTne H^eH 
flOKasaTejibCTBa ochobhoh TeopeMbi h MO^HcJjHi^HpoBaTi. npocTeft- 
niHe MaTpHHHbie 4)yHKii,HH 5*^/*^ (cm. onpeflejieHHe 5.14 [29j) 
TaKHM o6pa30M, HTo6bi Hx HOBbiH cneii,HajibHbie BapnaHTbi - Tax 
HasbiBaeMbie a-4)yHKii,HH - flocTaBHjin Tpe6yeMoe npoTHBopeHHe: 
OHH 6yflyT o6jiaflaTb cbohctbom ^-mohotohhocth h b to jkb BpeMH 
6yflyT jiHineHbi SToro CBoftcTBa. 

HanoMHHM, HTO npocTeftniHe MaTpHHHbie c]3yHKii;HH, KOTopbie 
paccMaTpHBajiHCb b § 5 |29) . o6jia;];aK)T cbohctbom mohotohhocth, 
HO OKasajiocb, hto HenocpeflCTBeHHoe flOKaaaTejibCTBO Tpe6yeMoro 

npOTHBOpeHHH - flOKasaTejIbCTBO HX HeMOHOTOHHOCTH - HpensT- 
CTByeTCH CJie^IOH^HM o6cTOHTejIbCTBOM: HeKOTOpbie CyH^eCTBBH- 

Hbie CBOHCTBa HHJKHHX ypoBHeft yHHBepcyMa ne pacHpoTpanaroTca 
flp KapflHHajioB CKaHKa MaTpnii, na hx nocHTejiHX, KOToptie hbjih- 

K)TCH SHaHeHHHMH TaKHX MaTpHHHblX 4)yHKII,Hit. 

C ii,ejibK) paspyniHTB 3to npenHTCTBHe mbi CHa6flHM Taxne MaT- 
pHii;bi HX cooTBeTCTByron^HMH flHcceMHHaTopaMH, H B pesyjiBTaTe 
HpocTeitniHe MaTpHHHbie 4)yHKH,HH 5yflyT npeoGpaaoBanbi b hx 6o- 
jiee cjiojKHbie cJjopMbi, a-4)yHKH,HH. 

OflHaKO HenocpeflCTBeHHoe 4)opMHpoBaHHe sthx 4)yHKH,HH npe/i,- 
CTaBJiaeTCH anaHHTejiBHO ycjiojKHeHHbiM h neKOToptie BajKHbie hx 
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FjiaBa II. Cneu^wajibHan reopna 



OCoGeHHOCTH HeMOTHBHpOBaHHMMH. 

HoaTOMy, hto6m npeflCTaBHTb hx BBefleHHe 6ojiee npospannbiM 06- 
pasoM, Mbi npeflBapHTejiBHO npe^npHMeM emopoe npu6AUJfceHue k 
Hflee flOKasaTejibCTBa ochobhoh TeopeMbi h o6paTHMCH k hx 6ojiee 
npocTofi 4)opMe, to ecTb k 5-4)yHKLi,HHM. 

C 3TOH ii,ebio MBI npHMeHHM pesyjiBTaTBi §6 |29) flJiH m = n + 1 

H 4)HKCHpOBaHHOrO ypOBHH n > 3, HO HOHSTHe flHCCeMHHaTOpa 

flOJiJKHO Gbitb yTOHHeno; Bce flHcceMHHaTopBi b p^ajibHAmeM 6yflyT 
ypoBHH n + 1 (cm. onpeflejienne 6.9 [29j). 

OnpeflejieHHe 7.1 



EcAU 3ma (popMyAa eunoAHHemcfi KOHcmaHmaMU 7, a, ai, mo 
Mu 6ydeM zoeopunib, nmo a coxpaHnem S I N.^"^ -KapdunaAU 
< 7 HUMce ai. 

EcAU S - 9mo Mampuna na HocumeAe a u ee KapdunaA nped- 
CKauna a\ nocAe x coxpauHem maKue KapdunaAU, mo mu maK- 
Mce 6ydeM zoeopumb, nmo S na a coxpannem amu KapdunaAU 
HUMce ai. 

2) Mu o6o3HaHaeM Hepes K^_,_]^(x, 5, 7, a, 5") CAedytoinyto n„_2- 
(fiopMyAy: 



a{x, a, S) A L3<'^{x) Ax<5<7<aA5<]p<X+Ap = pA 
AS/iV<"^(,5) A [< p\ {5). 




5/7V<"(7')) . 



7. MaTpHHHbie 5 -(^yHKii,HH 
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3decb, HanoMHUM, Iln-2-(f}opMyAa a{x,o:,S) osHauaem, umo S 
smo cumyAnpHaM Mampuv,a na ee HocumeAe a, pedyv,upoeaHHaM 
K KapduHGAy X fcA^. onpedeAtHue 5.7 129]); 6 amo ducceMuna- 
mop djiR S Ha a c 6a30u dannux p ypoenn n+1 (onpedeACHue 
6.9 ]29^): eepxHue undeKcu < oaHanamm ozpanuneHue (fiop- 
MyAbHux Keanmopoe KapdunaAOM npedcKauKa a\ (cm. maKMce 
onpedeAenun 2.3, 5.9 129]); p amo saMUKanue p omHocumeAbHO 
^yHKti,uu napu; u 3mo Ai -ceoucmeo Hacuiu,eHHOcmu 

KapdunaAa x HUMce a (cm. onpedeACHue 6.9 4) ]29^): 

X<aA 5/iV<„"i(x) A Srn5(S^^"^>^) eB^A supdom(S^*"^^) = x- 

Mu o6o3HaHaeM Hcpea K^"^ (x, 7, a, /O, 5*) (popMyny: 

(7, 4) ^ ^iTi (X, 7, a,p,S)Aa<a,. 

3) EcAU ama cpopMyAa eunoAHHcmcn KOHcmaHmaMU X: 7; Oi; 
p, S, ai, mo Mu 6ydeM zoeopumb, umo Xj P> ^ cuAbHO 
donycmuMU Bah 7 huchcc ai. 

EcAU HCKomopue us hux cfiuKcupoeaHU uau nodpasyMeeammcn 
KOHmcKcmoM, mo mu 6ydcM zoeopumb, umo ocmaAbuue maKMce 
cuAbHO HcdocmuMCUMU Oah hux (u Bah ^) humcc a\. 

4) Mampuv,a S nasueaemcH cuAbuo ducccMUHamopHou Mampu- 
u,eu UAU, KopoHC, 5-Mampuu,eu, cuAbuo donycmuMou na nocumcAC 
a Oam 7 = 7^°^ HUMce a\, ecAU ona o6Aadaem nenomopuM duc- 
ccMUHamopoM (5 < 7 c 6a30u p, cuAbuo donycmuMUM Bar hux 
(maKMce huchcc ai). 

B KajicdoM nodo6HOM CAyuae 5-Mampuu,a odosHauaemcH o6ui,um 

CUMeOAOM 5S UAU S. 

EcAU ai = k, UAU ai yKasueaemca, e KonmeKcme, mo eepx- 
Hue undcKcu < a\, <l a\ sdecb u dpyeue ynoMUHanun ai 
onycKatomcH. H 
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FjiaBa II. Cneu^wajibHan reopna 



^ajiee snjioTt flo KOHii,a § 7 noHHTHH /;onycTHMOCTH h 5-MaTpHii,bi 

6ypjT paCCMaTpHBaTbCH KaK CUAbHUe hohhthh, n03T0My TepMHH 

"cHjibHo" 6yfleT onycKaTbca. Bee MaTpHii;bi 6yflyT eHHTaTtcH 5- 
MaTpHii;aMH; b KaneeTBe peflyi^npyiomero Kapflnnajia x flaJiee 
6yfleT HenojibsoBaTbeH nojiHbift KapflHHaji x* (cm. onpe/i,ejie- 
HHe 5.4 |29) ) - eejiH KoneTeKeT He yKasbiBaeT na flpyroii cjiynaft. 
Sflecb cjieflyeT o6paTHTi. BHHMaHne na noHSTHe HacbimeHHOCTH 
KapflHHajia x HHJKe a, to ecTb na Ai-cbohctbo Lj^"(x); 
H3 jieMMbi 5.5 [29j cjiepyeT, hto x* 3to KapflHHaji, HacbimeHHbiit 

HH»Ce BCHKOrO a > X*i a G SINn-2- 

Chmboji X* B o6o3HaHeHHHX H HanncaHHHX cJaopMyji 6yfleT nacTO 
onycKaTbCH fljiH neKOTopoft KpaTKOCTH. 

^ajiee KajKflbiii orpaHHHHBaioiu,HH Kap/;HHaji ai 6yfleT npHHa/i;- 

JieJKaTb SINn-2 H BbinOJIHHTb yCJIOBHe 

x*<«i<fcA^rHx*) = iioa)ii, (7.1) 

HjiH ai = /c (ecjiH HHoe He npeflycMOTpeno KOHTeKCTOM). 

Kap/;HHaji ai < k sflecb c bthm cbohctbom 5y/i,eT HasbiBaTb- 

Ca 9KeUUH(p0pMamueHUM (paBHO HHcJjOpMaTHBHbIM) c KapflHHa- 
JIOM X* ■ 

3tot TepMHH bbo/;htch sfl^ecb bot HoneMy: b btom cjiynae HHKa- 
Koe S„-yTBepjKfleHHe f{V) ne HMeeT opdunaAoe CKauKa Hocjie 
X* HHJKe ai (cm. oHpeflejieHHe 2.4 t29j). HeTpy^Ho BH^eTb, 
HTO 3TO paBHOCHjiBHO cjie/i;yK)n],eMy: fljiH bchkoto renepHHecKoro 
pacuiHpeHHH Ka>Kfloe n^-yTBep^KfleHHe KOTopoe 

BbinOJIHHeTCH B dyi[l] HHJKe X*) BbinOJIHHeTCH TaKJKe B 3TOM 

pacniHpeHHH h HHJKe ai Gjiaroflapa (|7.ip h ai € n„_2; no- 
3T0My KaJKfloe II^-yTBepjKfleHHe 99(/) BbinojiHHeTCH hjih neT b 
o6oHX cjiynaax oflHOBpeMeHHO fljia KajKfloro pacinnpeHHa 
(cm. TaKJKe npHMenaHHe 7 [29J fljiH HjiJiiocTpai^HH Ba>KHOCTH 3Toro 
hohhthh). 

CjieflyeT o6paTHTb BHHMaHHe na BajKHbift npHMep TaKoro Kap- 
flHHajia: na Kap/;HHaji npe/];cKaHKa a^* nocjie x* P^^^ bchkoto 



7. MaTpHHHbie S -(pyHKij,HH 



17 



HOCHTejia MaTpHLi,bi a > X*- KpoMe Toro, 6yj\eT Bcer^a nojiaraTb- 

fljiH yflo6cTBa neKOTopbix 4)opMyjibHbix npcoGpasoBaHHii. 
CHMBOJibi rpaHHHeHHa < CKi, < «! Syflyr onycKaTtcH, KaK Bce- 
r^a, ecjiH ai = k, hjih ai noflpasyivieBaeTCsi KOHTeKCTOM. 



Onpe^ejieHHe 7.2 

Ilycm'b X* < «!• 

1) Mw HosueaeM MampuHHOu 5-^yHKV,ueu ypoenn n nucnce 
ai pedynupoeaHHOu k x* CAedymvuym ^yHK%uto 

npuHUMawinyio SHaneHUH dAH r; 

5S<"i = inin{5 < x*+ : 35, a, p < 7<+i' K<"^ (<5, 7<"^ , «, P, 5) } ; 

2) cAedymmue conpoeootcdammue opduHcuibHue ^yuKi^uu onpe- 
deAnwmcH nuoice ai: 

npuHUMawmue aHaueHUH: 

S<-^ = mm{6 < 7<"i : 3a, p < 7<_,"i K<»^ {S, 7<"^ , a, P, <55<"i )}; 
p<"i = min{p < x*+ : 3a < ^<^l K<-^{S<-\j<-\a,p,SS<-^)}; 

a<"i = mm{a < j<^l : K<"ni<"\ 7<"S «, <55<"^)}- 

Kaofcdou MampuViU 6S^°^^ amu (j)yHKV,uu onpedensimm ee 
npouseodnxju^uu ducceMunamop Sf"'^ < 7^°^ eMecme c eso 6a30u 
pf°'^ u ee HocumeAeM a^"'^ . H 
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Hcnojibsya jieMMy 6.8 |29) jierKO BHfleTb, hto sflecb 5^"^ - 3to 

MHHHMajIbHblH flHCCeMHHaTOp C 6a30H 

TO ecTb saMbiKaHHeM opflnnajia Od{6S!^°'^ ) oTHocHTejibHo cJ^Yhk- 
ii;hh napbi; nosTOMy TaKoft flHcceMHHaTop 5yfleT HasbisaTbCH npo- 
uaeodnmuM co6cmeeHHUM ducceMunamopoM Mampuv,u dS^"'^ na 

[CM. TaKJKe onpe- 

flejieHHe 6.9 2) |29)). a ero Gaaa p^"'^ 6y/;eT oGosHanaTbCH nepes 

„S<ai 
rr 

HeTpy/];HO nojiyHHTb cjieflyioii],He jieMMbi h3 3thx onpe/i,ejieHHH 
H jieMM 5.15, 5.16 [29j: 

JleMMa 7.3 

/I,ASi ai < k (popMyAU K^'^"^, K'^"^ npuHadneMcam Ai u 
noamoMy ece cf)yHKv,uu 

63^^ 6f''\ /9<"S a<"^ 

Ai-onpedeAUMU uepea x*,ai. 

^yiji ai = cfiopMyAU KJ(, K npunadAecHcam Tin u amu 
^yHKU,uu An+i-onpedeAUMU. -\ 



JleMMa 7.4 (O aGcojiroTHocTH 6-(\iyHKu^aa) 

Uycmb X* < 7r+i < ^2 < ai < k, 02 G SIN,^°2 ^ 

(7<°i + 1) n SIN<'^^ = (7<"i + 1) n SIN<'^\ 
mozda na MHOMcecmee 

(f}yHKV,UU 

XQ<Ol2 f<«2 r,<"^2 ^,<'^2 
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mocHcdecmeeHHO coenadawm coomeemcmeeHHO c ^yHKV,UMMU 
SSf^', Sf^', p<'^\ 

H 

CjieflyiomaH jieMMa h ee ^OKaaaTejibCTBO fleMOHCTpHpyioT Hfleio, 
KOTopaa 6yfleT npHMenaTbCH ^ajiee b pasjiHHHbix THnHHHbix CHTy- 
aLi,HHx: 

JieMMa 7.5 (O flHcceMHHaTope) 

1) Uycm'b 

(i) ]ri , r2 [ C dom {SSf' ) , 7r. e SIN<^^ ; 

(a) T3 G domidSf"^^) , T2 < T3; 

(in) 6<"' < 7<°i . 
Tosda 

^<ai <• <ai 

2) nycrm> 6-Mampuii,a S na ee HocumeAe a donycmuMa dnn 
7^"i eMecme co ceouM ducceMunamopoM 5 u 6a30u p Huotce 
ai, mosda: 

(i) {t' : 6< 7<"i < 7<"i} C dom((55<"i); 

(ii) ama Mampwua S eMecme c meMU otce S, p o6Aadaem mu- 
HUMajibHUM HocumejieM a' G ]7^"S7-^+i[ ; donycmuMUM 
Huoice ai . 
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floKasameAhcmeo. 1) BepxHHe HHfleKCbi < ai, < ai 6ypyT onyc- 

KaTbCH. PaCCMOTpHM MaTpHIi;y = (JS'rg H 5^ = (J^g, = Prs- 

HpeflnojiojKHM, hto 1) HesepHO, Tor^a no (Hi) 

HeKOToporo r4S]Ti,T2[. PacMOTpHM CHTyaii;Hio HHJKe = 
Org, CTOH Ha = Qffg . Hs (z) H jieMMbi 7.4 cjieflyeT, hto 

(5S/"' = 6Sf Ha ]ti,T2[ 

H MaTpHii;a 5^ = 5S^^^ = 6Sr^ na HocHTejie a^"^ = a-r^ HMeeT 

flHCCeMHHaTOp 

^4 ^ ^<ai ^ ^ =5^ c 6a30U = p<f. 

Tenepb apryMenT h3 flOKasaTejibCTsa jieMMbi 6.6 |29 j nyjKHO no- 
BTopHTb cjieflyromHM o6pa30M. Hs 5^ < 5^ BbiTeKaeT, hto 

p^ < p^ u noamoMy 5^ ^ S'/A'^^^j^[< pT-g], 

Torfla no jieMMe 6.6 |29) (fljia m = n + 1) cyn^ecTsyeT neKOTopoe 
Sn-npeflJioJKenne (/?(a, "o^) c KopTejKCM 1?" KoncTanT < p^-g h 
neKOTopbiH opflnnaji qq S [5^,a^[ TaKne, hto 

Va < ao 93^°' (a, ^) A -99^"' (oq, ^) . 

^HCceMHnaTop 5^ orpannnnsaeT npefljioJKenne 3a-i(^(a, T?') nn- 
JKe a^, nosTOMy oq G I'J'', OneBH/i,no, n„+i-npe/;jiojKenHe 

371(7 < 71 A S'/iV„_i(7i)A 

A3(5<Q 3a' K(5,7l,a^,o^5^))) 



Vq, 7^-199(0, 75^) 
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BbinojiHHeTCH HHJKe P H, sHaHHT, 5^ npoflOJiJKaeT ero pp a^, 

nOTOMy HTO 

CjieflOBaTejibHO, p,Ji5i K&yKppTO 7^"^ > 5^ noHBJiaeTCH 5-MaTpHLi,a 
5^ flonycTHMaa na neKOTopoM HOCHTejie 

BMecTe CO CBOHM flHcceMHHaTopoM 5'^ < 5^ H ero 6a30H p^. 
OTciofla cjieflyex, hto HHJKe onpe^ejiaeTCH MUHUMaAbHuu Kap- 
flHHaji 6"^ H MUHUMaAhuaH 6a3a p"* c 3thm cbohctbom, to ecTb 
BbinojiHHK3iii,He cjieflyromee yTBep^Kflenne Huotce a^: 

37-V7 > 7™(5/A^„_i(7) ^ 3a',5 K(,5™,7,a',p™,5)), 

TO ecTb cymecTByeT 7"* < TaKoft, hto flJiH KajKfloro 

7^" G]7'",a^[ cymecTByeT neKOTopaa (^-MaTpHii;a S, flony- 
CTHMaa Ha HeKOTopoM HOCHTejie aG [7^° fl-'i^ 7-^" HHJKe 

BMecTe co cbohm npoH3BO/;Hiii,HRi flHcceMHHaTopoM 5"^ < 7™" 
c 6a3oft p^. 

OneBHflHO, (5™ < (5^. TaK KaK MHHHMajibHoe BHaneHne p™' onpe- 
flejiaeTCH HHJKe a^, to no jieMMe 4.6 |29) o cneKTpajibHOM Tnne 
3TO BjieneT 

p"^ < 0T{6Sr.^) < Od{6Srs). 

Ho Tor/;a 3to bjibhct npoTHBopenne: cymecTByeT d-uaTpau^a 

Ha HeKOTopoM HOCHTejie a™" G ]77-3,a'^[, flonycTHMaa flJiH 7^-3 

BMeCTe C flHCCeMHHaTOpOM (^"^ < 7^-3 C 6a30H H HO yCJIOBHK) 

^ ^ < Od{6Sr,), 

XOTH 5St-3 HBJIHeTCfl <-MHHHMajIbHOH HO OHpeflejieHHK) 7.2. 



22 



FjiaBa II. Cneu^wajibHan reopna 



yTBejKfleHHe 2) (i) noBTopaeT jieMMy 5.17 2) (i) [29] h cjie^yeT h3 
onpeflejieHHH 7.2 nenocpeflCTBeHHo; a yTBepjKfleHHe 2) (ii) mojkho 
jierKo ycTanoBHTb nocpeflCTBOM apryMenia flOKasaTejibCTBa jieM- 
Mbi 5.17 2) (ii) fljiH MaTpHii;bi 5 bmbcto S*^"^ h ^jih 

4)opMyjii.i K BMecTO a; mbi BepneMca k 3TOMy apryMeHTy b § 8 
B 6ojiee BajKHOM cjiynae. H 

HepejiaTHBHsnpoBaHHaH 4)yHKii;HH SSf fleftcTBHTejiBHO onpeflejie- 
Ha Ha 4)HHajit)HOM noflHHTepBajie He/i,ocTHJKHMoro Kap^HHajia k, 
KaK 3TO noKasbiBaeT 

JleMMa 7.6 (06 onpeflejieHHOCTH (5-4)yHKii;HH) 

CymecTneyem opdunan 6 < k maKou, umo 6Sf onpedeAena 
Ha MHoofcecmee 

T = {t : 6 <jr < k}. 

MuHUMaAbHuu U3 maKux opdunaAoe 5 odoaHauaemcH uepes 6* , 
CAedymvuuu sa hum e SINn napduHan - uepes 6*^; maKMce 
eeodnmcH CAedyioui^ue coomeemcmeyiomue opdunaAu: 

r* = T(5*), t*^=t{5*^), 

maK umo 5* = 7^-* , 5*^ = 7^.1 , 

*i 4)- *i 
u a =a^,i, p = Pr*i. 

floKasameA-bcmeo coctoht b nenocpeflCTBeHHOM npHMeneHHH jieM- 
Mbi 6.14 [2U] ^jiH «! = fc, m = n + 1, X = X*- ^ 

JleMMa 7.7 

5* € SINn n SIN<f^^ [< p*^] . 
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JJoKasameAbcmeo. PaccMOTpHM /;HcceMHHaTop 6^*i c Gasoft p*^ 
MaTpHii,bi 6S^*i Ha HOCHTejie a^*i . Tax KaK 

6*^ G SINn, 5^.1 < 6*^ 

TO jieMMa 3.8 [29J BjieneT 6^*i G SIN^ h no jieMMaM 7.5 2), 7.6 
5.^.1 =5*. H 



OnpeflejieHHe 7.8 

1. (pyHKU,UH 6 3^°^^ HasueaemcH mohoitiohhou na unmepea- 
Ae [ti , T2 [, UAU Ha coomeemcmeymmeM unmepeaAe [7^"^ , 7^"^ [ 
Huotce ai, ecAu ti + 1<T2, ]ti,T2[ dom{aS^°'^) u 

Vr',r"(ri < r' < t" < ^ 6S<r' < <55<"i). 

2. CoomeemcmeeHHO amoMy (pyuKi^uM 5Sf Hasueaemcn (mo- 
maAbHo) MOHomoHHOu, ecAU Bah r* = t[6*): 

Vt', t"{tI <t' <t" <k^ 6Sr' < SSr-). 

H 



HeKOTopbie npocTbie cJjparMeHTbi mohotohhocth MaTpHHHoit 
4)yHKLi,HH 6Sf cjie/;yK)T as onpeflejieHHH 7.2 a JieMMbi 7.5 2) (ii) 
HeMefljieHHo: 



JieMMa 7.9 (O mohotohhocth 5-4)yHKu,HH) 
Uycrrib 

n<T2u <5<"i <7<-i. 
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Tosda 

H 



06cyflHM BOSHHKUiyiO CHTyai^HK). 

Mbi BHflejiH Bbime, hto npocTeftmaa MaTpHHHaa c^yHKi^Ha Sf 

HBJiaeTCH ^-MOHOTOHHOH, HO flJIH KaJKflOrO T > T* KapflHHajI 

npe/;cKaHKa a'''' MaTpHii,bi S"^ na ee cooTBCTCTByiomeM hoch- 
Tejie a G ]7^,7t-+i[ He coxpanaeT cyGneflocTHJKHMOCTb ypoBHeil 
> n KapflHHajioB < 7,-, h neKOToptie flpyrne BajKHbie cBoftcTBa 
HHJKHHX ypoBHeft yHHBepcyMa TaKJKe napymaroTca npn pejisTH- 
BH3aii,HH K (cm. jieMMbi 5.17, 5.18 h hx o5cyjK/i,eHHe b KOHLi,e 

§5 m)- 

HtoGbi npeoflOJieTb 3to npenHTCTBHe mbi CHa6flHjiH SHaneHHa 

3TOii 4)yHKII,HH, TO eCTb MaTpHII,bI Sr, flHCCeMHHaTOpaMH ypOBHH 

n + 1 H noTpe6oBajiH coxpaneHHH cyGneflocTHJKHMOCTH ypoBHH n 
fljiH KapflHHajioB < 7r, TO ecTB Mbi nepemjiH k 5-4)yHKii;HH 6Sf. 

Ho Tenepb 3to BbisbiBaeT HOBoe ocjiojKHeHne: Tenepb c noMombro 

JieMM [73II7.7I HeTpVJHO BH^eTb, HTO nOCJie 3T0H MOflH4)HKaiI,HH 5- 

4)yHKLi,HH 5Sf jiHuiaeTCH CBoero CBoftcTBa ^-mohotohhocth na 
[Ti,k[ , a HMeHHO 6jiaroflapH TOMy, hto bo mhothx cjiynaax Kap- 
flHHajibi npeflCKaHKOB HOCHTejieft (J-MaTpnu; a, Hao6opoT, eu- 
sueawm eosHUKHoeenue cy6HedocmucncuMocmu ypoenn n neKO- 

TOpblX KapflHHajIOB < 7t-, KOTOpbie CTaHOBHTCH CyGneflOCTHJKH- 
MblMH (pejIHTHBHSHpOBaHHO K Oi^) , He HBJIHflCb TaKOBblMH flO 

3Toro (KncejieB |13)). 

Bbixofl H3 3TOH HOBOH 3aTpy/];HHTejibHOH CHTyai^HH o6Hapy>KHBa- 
eTCH c noMoiii,bio cjie/iyioii],ero HBjieHHH, KOTopoe b flajiBHeftmeM 
npefloCTaBHT penieHHe Bceft npo6jieMbi: 

A HMeHHO, MOJKHO BHfleTb, HTO (5-MaTpHU,a SSr^^ HapymaK)Hi,aH 
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<-MOHOTOHHocTb Ha [t*,A;[ BnepBbie, to ecTb fljiH 

tq = supjr : 6Sf HejiHcmcH <-MOHomoHHOu na ]ti,t[ } , 

noMemaeTCH Ha HeKOTopoM HocHTejie Qt-q €](5*,(^*"^[ h 6SrQ <i p*^ 
HO jieMMe 3.2 [29j. 

HosTOMy H3 jieMM 7.7, 6.3 [29] (^jih m = n + ai = a*^) cjie;];y- 

eT, HTO /i,HcceMHHaTop 6^*1 HepenocHT b tohhocth Ty JKe caMyio 

Jl 

CHTyaH;HK), ho hhjkb q = afo, to ecTb: 

KAacc SIN^°''^ codepMcum neKomopue Kapdunajiu 7^"° < 7^"° 
manue, umo 

]n,T2[Cdom{6Sf"°), 
u CHoea ma oice caMan Mampuv^a 




Hapymaem MOHomoHHOcnib SS'^"' na ]ti,T2[ enepeue Bah hcko- 
mopozo opdunajia Tq G]ri,r2[ , ho hhxb a^. 

TaKHM o6pa30M, sflecb mbi HpnxoflHM k TpeTbeMy h Hocjieflne- 
My HpnGjiHJKeHHK) k rjiaBHOH H^ee: 

Cnedyminue mpe6oeaHUH Heo6xoduMO HaAOMCumt na 6-Mampuu,u: 

1 ) OHU doADKHU o6Aadamb ceoucmeoM "caMoucKAioueHUH "e nodo6- 
Hux cumyav,UHX HapymenuH MOHomoHHOcmu (6ydeM nasueamb 
620 "ceoucmeoM aemo9K3opv,u3ueHocmu") ; Mampuii^u c 9muM ceou- 
cmeoM ( MampuVfU "e/i,HHMHHOH xapaKxepHCTHKH" ) Boamchu UMemt, 
npuopumem Had dpyzuMU MampwuaMU ( Mampuv,aMU "nyjieBOH 
xapaKTepHCXHKn" coomeemcmeeHHo) e xode onpedeAtHUH Mam- 
pUHHOU cf)yHKV,uu; 

2) et^e odno mpe6oeaHue doAMCHO 6um'b HaAOMceno na Mampu- 
"Hu HyjieBOH xapaKmepucmuKU, npennmcTneyn ux o6pa306aHuw: ux 
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6a3u dauHux doASKHU cymecmeeHHO eoapacmamt, Kosda npedme- 
cmeytomaH uacmb MampuHHOu ^yrnVfUU, Komopan yotce onpede- 

Aciia, codepc^icum napymeHue MonomonnocmAi, c ii,eAbio CKoppeK- 
mupoeamt amo uapyiueHue - ucnoAbsoeanue Mampuii,u HyjieBOH 
xapaKmepucmuKu; 

Ha amux ocHoeanunx MampuHHan 5-^yHKV,UH dojioKua nojiynumb 
HecoeMecmnue ceoucmea MOHomoHHOcmu u HeMOHomoHHOcmu od- 
HoepeMeHHO. 

OneEHflHO, Bce 9th cooSpaxceHHH TpeSyiOT peKypcHBHoro onpe- 
flejieHHa MaTpHHHOH (|)yHKn,HH, onpe;],eji5i5i ee SHaneHHH b saBHCH- 

MOCTH OT CBOHCTB 66 np6^m6CTByiOIIi;HX 3HaH6HHH. 

Mbi HaHHHa6M ocyn],6CTBjiflTb 3Ty Hfl6io B cji6flyioii],6M naparpa4)6. 



8. MaTpHHHbie a -(pyHKijHH 
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8 MaTpHHHbie Q!-4)yHKLI,HH 

npeflCToamero peKypcHBHoro onpeflejienna Heo6xoflHMO 
ycjiojKHHTb npe/i,biflyiii,yio cJjopMyjiy K^_,_]^ (onpe/i,ejieHHe 17. ip . 
Ho npeflsapHTejibHO cjie^yeT BsecTH neKOToptie cy64)opMyjii.i p^jis 
Gojibineii hchocth KOHCTpyKii;HH btoh cJaopMyjibi, rp^e nepeMeHHaa 
Xi HrpaeT pojib MaTpHHHoft 4)yHKii,HH aS^"', a nepeMennaH X2 
HrpaeT pojib xapaKTepncTHHecKoft 4)yHKii,HH o^", KOToptie 6yflyT 
o6e onpeflejieHM HHJKe a; nocjieflHHH c]3yHKii;HH 6yfleT npHnncbi- 
BaTb cooTBeTCTByromne xapaKTepncTHKH (e/;HHHHHbie hjih nyjie- 
Bbie) peflyii,HpoBaHHbiM MaTpHLi;aM, cjiyjKaiii,HM anaHeHHHMH 4)yHK- 
Li,HH aSj-"'; 3TH xapaKTepHCTHKH MaTpHu; Ha Hx HocHTejiHx 6yflyT 
npHHHMaTb SHaneHHH eflHHHHHoe a = 1 hjih nyjieBoe a = co- 

OTBeTCTBeHHO HpHHU^HHy, o6pHCOBaHHOMy Bbime. 

B xofle HX BBe/;eHHH sth 4)opMyjibi 5yflyT coHpoBOJKflaTbCH hohc- 
HeHHHMH HX CMbicjia, a Hocjie pe3yjibTHpyion];ero onpeflejienHH 8.2 
Mbi OHHHieM KaK OHO fleftcTByeT B u;ejioM, 6e3 BxojKflenna b fleTajiH. 

Bee 3TH 4)opMyjibi 6bijiH HCHOjibsoBanbi b Hpeflbiflyn^HX pa6o- 
Tax aBTopa |10fll7) , ho neKOTopbie h3 hhx Gbijih pacceanbi b TeKCTe 
B HX oHpeflejieHHbix 4)opMax (neKOToptie b He4)opMajiH30BaHHOM, 
HeKOTopbie flpyrne b ceMaHTHHecKOM BH^e), h sflecb ohh Hsjiara- 
lOTCH cHCTeMaTHHecKHM o6pa30M; TaKJKe HpHMenaeTCH necKOJiBKo 
yppGubix Hepeo6o3HaHeHHH. 

B 3THX (jiOpMyjiaX HCHOJIbSyiOTCH paBJIHHHbie KapflHHajIbl H3 

KjiaccoB SINn, SINn-i, SINn-2 cy6HeflocTHJKHMocTH. Heo6xo- 

flHMO HMBTB BBHfly, HTO HOCJie <- HJIH <|-OrpaHHHeHHH 3THX (JjOp- 

Myji HeKOTopbiM KapflHHajioM a (cm. onpeflejienne 2.3 |29) ) boshh- 
KaioT cyGneflocTHJKHMBie Kjiaccbi Toro JKe ypoBHH, ho pejiHTHBH- 
SHpoBaHHbie K 3TOMy a; nanpHMep, S'/A'„-cy6HeflocTHJKHMOCTb 
HpeoGpasyeTca b S/A'^^-cyGHe/^ocTHJKHMOCTb, ho yjKe HHJKe a; 

HOSTOMy BCe 4)OpMyjIbI HOCJie BTOrO HOBeCTByiOT O COOTBeTCTByiO- 

meit CHTyaH,HH hhjkc a. 
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TaKHe TpaHc4)opMaii,HH o6ecneHHBaioTCH onpeflejieHHSMH h jieM- 
MaMH 3.3-3.8 |29] . 

OnpeflejieHHe 8.1 

Beodsimcsi cAedyminue ecnoMosameAbHue (popMyAu: 

I. HnmepeaAU onpedeAenHocmu MampuuHou (pyuKii^uu: 

1.0 Ao{x,Ti,T2,Xi): 

Ti + 1 < T2 A (Xi is a function on ] ti , T2 [ ) A 

A Ti = mill {r : ]r, T2 [ C dom(Xi)}A 

oueeudno, ama (popjuyAa osHauaem, umo unmepeaA [ti , T2 [ sanu- 
Maem oco6oe Mecmo no omHomeHum k MampuHHOu (pyHKii,uu Xi : 
sma (pyuKv^ufi onpedeAena Ha ]Ti,r2[ u ti ecmb MUHUMaAbHuu 
opduHQA c amuM ceoucmeoM, ceepx mozo KapdunaA npunad- 
AecHcum SINn; 

6AazodapR amou MUHUMaAbHocmu Xi nunozda ne onpedeAena 
dAH amozo opdunaAa ti. 

1.1 Ai{x,Ti,T2,Xi): 

A^{x,n,T2,Xi) A 37^(72 = A 5/iV„(7')); 

manou unmepeaA [ri , r2 [, a maKMce unmepeaA [jn , 7t2 [> 6ydym 
naaueambCH unmepeaAaMU onpedeAennocmu MampuuHou fynn- 
UfUU Xi MaKCMMajibHbiMH BjieBO (e dom{Xi)), MancuMaAbnu- 
Mu e moM CMUCAe, umo ne cyuj^ecmeyem unmepeaAa ]t',T2[ e 
dom{Xi) c MenbuiuM AeeuM kohu^om t' < t\; ceepx mozo no- 
npcMCHCMy mpe6yemcsi ^r-i_ G SINn, u ei^e 7^-2 S SINn- 
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1.2 A^,{x,n,T2,X^): 

Aiix,Ti,T2,Xi) At2 = sup{r : Ai{x,ti,T2, Xi)}; 

sdecb unmepeaji ]ti,T2[ ( eKAmueHHUu e dom{Xi)) - MaK- 

CUMttAbHUU 6 ITIOM CMUCAC, HmO OH HC eKAWHaeUlCH HU 6 KttKOU 

dpyzou UHinepeaA ]t[,T2[ C dom{Xi) maKOu, nmo 7^^ G SINn; 
noMUMO 9171030 no-npeoKHtMy mpe6yemcH, Hmo6u € SINn, 

7r2 G SINn; no amou npunune maKou unmepeaA [ti,T2[ u coom- 
eemcmeyminuu unmepeaA [7ri)7r2[ 6ydym naaueamhcn uaKCH- 
MajibHMMH uHmepeaAttMU onpedeAenHocmu MampuHHOu (pyHKv;uu 
Xi . 

1.3 ^1.2 (7-1,7-2, 77). • 
37\7^(7^ =7ri A72 = 7^2A 

Ar? = Or({7:7i <7<72A5/iV„(7)})); 

adech, nanoMHUM, OT o6o3HaHaem nop^dKoeuu mun yKasanno- 
20 MHOotcecmea, noamoMy mu 6ydeM naaueamb maKou opdunaA 
rj munoM unmepeaAa [ri , T2 [ u maKotce munoM coomeemcmey- 
mw,e20 unmepeaAa [7ri,7r2[ • 

1.4 yl2(x,n,r2,r3,Xi).- 

Mix, Tl,T3, Xi) A Ti + 1 < r2 < T3 A T2 = 

= supjr < T3 : W,t"{ti < t' < t" < t ^ X(t')<J^(t")) }; 

adech T2 - amo MUHUMOAmuu undeKC, na KomopoM napymaem- 
CH <-MOHomoHHOcmt> MampuHHOu ^yHK%uu Xi Ha UHmepeojie 
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]ri,Ts[ . 

1-5 A3{x,Ti,T[,T2,n,Xi,X2): 

^2(X, Tl,T2,T3, Xi) ATI < t[ < T2 A (^2 9m0 (fiyHK%UH ]ti,Tz[)A 

At[ = min (r G ]Ti,r2[ : Xi(t) > Xi(t2) A X2(t) = l}; 

sdecb yKasueaemcsi, umo < -MOHomoHHOcmb MampuuHou (pyuK- 
v,uu Xi Ha ]ti,T3[ enepeue HapyiuaemcH Ha undeKce T2 u umch- 
Ho u3-3a Mampuvfii edunuHHOu xapaKmepucmuKU Xi{t[) > Xi{t2) 
djiH t[ G ]ri,r2[ . 



1 .6.a A| (x, Ti , t{ , T2 , r3 , 77, Xi , X2) ; 

Mix, n,T{,T2, T3, Xi,X2) A yli.2(Ti, ra, r?); 
1.6.a(i) A'i{x,Ti,T2,v,Xi,X2): 

3r(,r2 < T2 Al{x,Ti,T[,T2,T2,1],Xi,X2y, 

1.6.b ^r(x,ri,r(,r2,r3,r?,Xi,X2); 

AiX, Tl,Ti,T2, T3, rt, Xi,X2) A ^fi(x, Tl, Tg, Xi); 

1.6.b(i) A^'ix,Ti,T2,v,Xi,X2): 

M,r^<r2 Af\x,Ti,T[,T^,T2,v,Xi,X2y, 

e dojibHeumeM ecHKUu UHmepeoji [ti,T3[, odAadatovnuu ceou- 
cmeoM A\ Bah HCKomopux t[, T2, rj u coomeemcmeymm,uu 
unmepeaA [TruTrsi 6ydym nasuearmicn 6A0KaMU muna r], a 
ecjiu OHU edo6aeoK eunoAHHwm >l^]^(x, ri, T3, Xi) - mo Maxcn- 
MajibHbiMH 6jiOKaMH 9moso muna. 
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Tanue 6aoku 6ydym paccMampueanibcn danee nan uenpueMAUMue 
no npuHune ux ^amaAbHozo de^eKma: Hapymenun MOHomoHHO- 
cmu MampuHHoil cfjyHKV,uu. Uo smou npunune mu uaAOMCUM na 
manue 6aoku HeKomopue o6peMeHumeAbHue mpe6oeaHua, c ii^eAbH) 
u36eMcamb ux ^opMupoeanuH e xode onpedeACHUH MampuuHOU 
(pyHKi^uu (cm. ycAoeue K*^ Huotce). 

ITpHOCTaHOBHM HeHaflojiro 3to onpeflejieHHe 18.11 hto6m noHC- 
HHTb CMbicji H HanpaBJieHHe pasBHTHH ero nocjieflyiomeft nacTH. 

(PopMyjibi H noHHTHH, BBefleHHbie Bbime h nocjie/i,yioiii,He, 6y- 
flyT HcnojibsOBaTbCH b pesyjibTHpyromeM onpeflejieHHH 18.21 b hx 
pejiHTHBHSHpoBaHHbix c]3opMax, TO ecTb HX HHflHBHflHbie nepeMeH- 
Hbie H KOHCTaHTbi 5yflyT <- hjih <l-orpaHHHHBaTbca neKOTO- 
pbiM cooTBeTCTByioiii,HM KapflHHajioM «!. B noflo6Hbix cjiynaax 
HcnojibsyiOTCH hx HacTOHn^ne (JjopMyjinpoBKH, ho c /;o6aBjieHHOH 
peMapKOH "HHJKe ai"; cooTBeTCTBenno hx oGosHaneHHH CHa6jKa- 

K)TCH BepXHHM HHfleKCOM < Q!i HJIH <\ ai- 

TaKHM o6pa30M, 




(x,n,T-2,Xi) 



3TO 4>opMyjia: 




KOTopaa oananaeT, hto ]Ti,r2[ ecTb HHTepBaji h3 o6jiacTH onpe- 

flejieHHH 4)yHKU,HH Xi C MHHHMajIBHblM JieBbIM KOHU,OM Ti, H 
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CBepx Toro cooTBeTCTByioiii,He KapflHHajiM 7^°^^ , 7^"^ hbjihiotch 
S'/A'^^i-KapflHHajiaMH - h Bce 3to HHJKe ai. 

CoOTBeTCTBeHHO 3TOMy, 

4^"Hx,n,r{,r2,r3,77,^i,^2) 

3TO 4)opMyjia: 

^3 iX, n,T[,T2,Ts,Xi,X2)A Af;^' (n , rs, 7?) 

KOTopaa osHanaeT, hto [ri,r3[ a [7^"S7^°^[ 3™ 6aoku HHJKe 
«! THna r/, to ecTb HHTepBaji ]Ti,r3[ HBjiaeTCH MaKCHMajibHbiM 
BjieBO B do'm(Xi) a KapflHHajibi 7^"^, 7^"^ 06a co/];epjKaTCH 
B SIN^°'^, H ^-MOHOTOHHOCTb Xi Ha ]ti,T3[ HapymaeTCH 
BnepBbie na HHfleKce T2 € ]ti,T3[ h HMeHHO no npHHHHe MaTpn- 
ii;bi Xi {t[)> Xi (t2 ) eduHuuHou xapaKTepncTHKH neKOToporo 
t{ € ]ri,r2[ - H Bce 3to HHJKe ai. 

HeTpyflHo BHfleTb, hto Bce 3th h nocjie/^yromne uoppGnme orpa- 
HHHeHHbie 4)opMyjibi coflepjKaTbca b Kjiacce flJia KajK/i;oro 

ai > Xi cti < k, ai G SINn-2- 

Ho HTo6bi BBecTH nocjieflyroii^He hohhthh nanGojiee npospan- 
HbiM o6pa30M, yflp6no npeflBapHTejiBHO npoHCHHTb npHHii,Hn, pe- 
ryjinpyiomHH npnnHCbiBaHHe xapaKTepncTHK MaTpHLi,aM na hx ho- 

CHTejIHX H BSaHMOfleliCTBHe 3THX XapaKTepHCTHK MeJKfly C060H, 

TaK KaK xapaKTepncTHHecKaa 4)yHKii,HH nrpaeT Beflymyro pojib b 
peKypcHBHOM onpeflejieHHH |8]2] MaTpHHHOH 4)yHKii;HH HHJKe. 
HTaK, MaTpHii;a S na ee HOCHTejie a — h caM btot HOCHTejib 
a — Sy^eT nojiynaTb HyAeeyto xapaKTepncTHKy a = 0, ecjiH 
OHa ynacTByeT b HapymeHHH mohotohhocth MaTpHHHoft 4)yHKii,HH 
B cjieflyiomeM CMbicjie: 

cymecTByeT HHTepBaji onpe/i,ejieHHOCTH MaTpHHHoft 4)yHKLi;HH 

HH»ce Kap/i,HHajia npe/];cKaHKa Oy- nocjie x 3Toro HOCHTejiH a, rpfi 
BCTpenaeTCH ma jkc caMan Mampuv,a S KaK SHaneHHe MaTpHHHoit 
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4)yHKii,HH Xi, HO HHJKe aj^: 

Xi{t2)=S 

fljia HHfleKca T2 G]ri,r3[, KOToptm HBjiaeTCH MHHHMajibHbiM, na- 

pymaromHM MOHOTOHHOCTb 4)yHKLI,HH Xi Ha ]Ti,r3[ HHJKe a^, 

TO ecTb Korfla BbinojiHHeTCH 

A"''iX,n,T2,T3,Xi). 

H 3flfiCh HacTynaeT nocjieflnee yTOHHenne 3Toro noHHTHH: Bflfl6a- 

BOK He flOJiJKHO cymecTBOBaTb /;onycTHMbix MaTpnu, flJiH ^ h 
Bce SHaneKHH MaTpHHHoii 4)yHKLi,HH Xi Ha HHTepBajie ]Ti,r2] 
HHJKe flOJIJKHbl 6bITb eduHUHHOU xapaKTepHCTHKH: 

VT(ri < T < T2 ^ X2(r) = 1). 9) 

B HpoTHBHOM cjiyHae S Ha a H caM a 5y/iyT HOjiynaTb edu- 
HUHHym xapaKTepHCTHKy a = 1. 

H HO xofly Toro, KaK MaTpHHHaa 4)yHKH,HH 6yfleT HOJiynaTb cBoe 
peKypcHBHoe oHpeflejienne 18.21 MaTpHu;bi eflHHHHHOH xapaKTepn- 
CTHKH 5yfly CHCTeMaTHHecKH HOjiynaTB npuopumem nafl MaTpn- 
u;aMH HyjieBOH xapaKTepncTHKH — htoGbi HsGejKaTb napymeHHe 

MOHOTOHHOCTH 3TOH 4)yHKH,HH. 

ECTeCTBeHHO nOHHMaTb HOHHTHe "npHopHTeT" B CJieflyK)HI,e cmbic- 
jie: Korfla onpeflejiaeTca neKOTopoe ananeHHe Xi{t) MaTpHHHoft 
4)yHKii;HH Xi H Ha TaKoe snaneHHe npeflCTaBjiHioTCH MaTpHH,bi 
S^, HyjieBOH H eflHHHHHOH xapaKTepHCTHKH, Tor/];a hmchho 

MaTpHH,a p^ojiyKaa 6biTb HasHaHena sHaneHHeM Xi{t). 

Ho He HCKjiK)HaK)TCH HeKOTopbie onpe/i,ejieHHbie cjiynan, Kor/;a 
MaTpHH,bi HyjieBOH xapaKTepHCTHKH 6yflyT OTBepraTbCH ho neKO- 
TopbiM flpyrHM HpHHHHaM, KOTfla Mampuv,a uyAeeou xapaKmepu- 
cmuKU S Ha ee HOCHTejie a 6yfleT sanpen^ena k npe^CTaBjienHK) 
Ha SHaneHHe MaTpHHHoii 4)yHKH,HH; b KajK/;oM TaKOM cjiynae mbi 
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6yfleM roBopHTb, hto S na a nodaeAHemcsi . 
Mbi HcnojibsyeM TepMHH " noflaBjieHHe", a ne "oTcyTCTBne npnopn- 
TeTa", TaK KaK nofloGnoe noflaBjieHHe 6y/i;eT npHMenaTbca tojibko 
B cneii;HajibHbix oco6bix cjiynaax b saBHCHMOCTH ot pacnojiojKeHHa 

3TOrO HOCHTeJIH a. 

HTaK, Mbi nepexoflHM k onncaHHro cjiynaeB, Kor/i,a fleftcTByeT 
nofloGnoe no/;aBjieHHe nyjieBoit xapaKTepncTHKH. 
^jiH 3TOTO cjieflyeT OTMeTHTb, HTO npHBe/;eHHbie b btom onpeflejie- 
HHH 18.11 4)OpMyjIbI flOJIJKHbl HCnOJIi.30BaTi.CH cjie/];yK)mHM oco6biM 
o6pa30M: 

^o CHX nop B 3THX (JjopMyjiax 1.0-1.6 b (i) chmbojibi Xi, X2 
osnanajiH 4)ynKii,HH, onpe^ejiennbie na op^nnajiax. 
Ho flJiH peKypcHBnoro onpenejienng 18. 2l MaTpHnHOH 4)yHKu;HH neo6- 
xoflHMO HcnojibsOBaTb {]3yHKu;HH, onpeflejiennbie na napax opflnna- 
jioB. rioBTOMy BBefleM flJiH TaKOH 4)ynKn,HH X flpyryro 4)ynKn,HK) 

X[a]={(r,r?):((a,r),77)GX}, 

TaK HTO 

X{a,T) = X[a]{T) 
fljiH KajKfloft napbi (a,r) G dom[X). 

CooTBBTCTBenno STOMy yxasannbie cjaopMyjibi b onpeflejiennn 18.21 
H nocjieflyion^ne cjaopMyjibi 5yflyT nacTO ncnojibsoBaTbca Xi, 
X2 KaK 4)ynKn,HH 

Xi[a% X2[a\ 
rfle a" 3to neKOTopbin opflnnaji. 

Tenepb BepneMca k onpejejiennio W7\\ htoGbi ccJjopMyjinpoBaTb TaK 
na3i.iBaeMoe "ycjioBne no/i,ajienHH", ono BosnnKaeT b cbhsh c no- 
KpbiTHHMH KapflnnajioB 6jioKaMH cnen,Hajibnoro BH^a n fljiH SToro 
neo6xo/];HMa cjie/i,yK)n;aH rpynna ycjioBnn: 
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II. YcAoeuM nodaeACHUM 

2.1a. Al':,{x,l'^,l,Xi,X2): 

7"^ < 7 A Vy G [7"^, 7[ 3ti,T2, ij (7"* < 7^^ < 7' < 7^^ < 7A 

AAf\x,n,T2,v,Xi,X2))A 
AV7-' < 7--V7" G M,r^,ri'{l"" < 7r( < l" < Ir^ < 7A 

AA^\x,ri,T^,v',Xi,X2)); 

sdecb yKasueaemcM, umo unmepeaA [7™,7[ c npaeuM kohii,om 
7 HBAfiemcfi oSneduHenueM MaKCUMaAbHux 6AOKoe u umo ezo ne- 
euu KOHev, 7"^ - MunuMaAbHuu c amuM ceoucmeoM; maKoe ce- 
Meucmeo 6aoko6 6ydem Haaueambcn noKphiTmeu KapdunaAa 7; 
AesKO eudemb, nmo npu amoM ycAoeuu 7"*, 7 neAHtomcH SINn- 
KapduHUAaMu; 

ecAU onycmumb sdecb npaeuu Konev, 7, mo noAyuaemcsi CAedy- 
toinee ycAoeue: 

2.1b. Al':^{x,j'^,Xi,X2): 

Vy > 7"* 3ri, T2, V h"" < 7n < l' < lr,A 

A^r(x,ri,r2,r/,Xi,X2))A 
AV7™' < 7™-V7" > 7™' M,rLv' (7"' < 7ri < 7" < 7r^A 

A<^(x,r{,r^,77',Xi,X2)). 

HmoGu c(f)opMupoeamb ycAoeun nodaeAenue npodyKmuenuM 06- 
pasoM CAedyem uaAOMcumb CAedywinue cnev^uaAbHue ycAoeun na 
opduHQAU 7"* < 7* < 7, rj* : 

2.2. Al%{x,j"',7*,ri*,Xi,X2): 
^ri(x,7"^,7*,^i,^2)A 
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AVTi,T2,r7 (7^, <jr2 <-f* A Af''{x,n,T2,r], Xi,X2) ^T] <ri*)^ 
AVr? < rj* 37' < 7* Vr(, r^, V (7' < 7^, < 7* A 

AA^\x,r[,r^,v',Xi,X2) ^V<v'); 

6 nodo6HOM CAyuae, Kozda A^2 eunoAHHemcsi, mu 6ydeM soeo- 
punib, nmo munu noKpumun Kapdunana 7* Hey6ueaK>m do rf 
cymecTBeHHo; maKUM o6pa30M opduHOJi rj* npedeAbHuu; 

2.3. ^i:^3(x,7*,y,7,^*,^i,^2).- 

3ri,T (7^1 =7^ A7^ = 7a4(x,ti,t,?7*,Xi,X2)A 

Vt( , r^, ri' (7* < 7r^ < A Af'{x, r( , r^, r?', Xi, X2) ^ 

-^v' = v*)); 

menept) amu mpu ycAoeun CAedyem coCpamb eMecme e CAedymvu^ee 

2.4. VcAoeue nodaeAHwmeso nonpumusi 
Af^^{x,l,r,\X^,X2): 

37"^, 7*, 7' (7"^ < 7* < 7' < 7 A r?* < x+A 
^ri(x,7"^,y,^i,^2)A^|f2(x,7^7*,'7*,^i,^2)A 

A^r3(x,7*,y,7,^*,^i,^2)); 

HoaoeeM noKpumue 7, o6Aadawmee amuM ceoucmeoM, noflasjia- 
roii^iTM noKpbiTHeM djw 7 muna rj* ; 

maKUM o6pa30M, amu mpu ycAoeun A'^^^ — A'^^ eMecme osnaua- 
mm, nmo nonpumue napdunaAa 7 paadeAHemcn na mpu uacmu: 
eso munu neydueamm do opdunaAa rj* < x^ cymecmeenHO cjieea 
om 7*, sameM ohu cma6uAU3upywmcH om 7* do mo ecmt> 
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unmepeaA [7*,7^[ noKpum MaKCUMCuibHUMU 6A0KaMU nocmo- 
HHH020 muna rf , maKotce cymecmeyem 6aok [7^,7[ moso otce 

muna rj* < x"*"; oueeudno, jmu ycjioeuH onpedejiHiom opdwmAU 
^ ^* ^ ^1 ^ ^* eduHcmeeHHUM o6pa30M nepes 7 (ecAU 
OHU cyinecmeymm) ; 

2.5. Al%{x,l,V*,(^,Xi,X2): 

vy (7 < 7' < a ^ M,4,v'hrC ^ 7' < 7<f A 

AAr<'«(x, Ti,T^, v', Xi, X2) A r?' > r?*)) ; 

adecb yKoaueaemcn, umo unmepeaA [y,a[ noKpum MaKCUMaAb- 
HUMU 6A0KaMU HUOKC a munoe r]' >rf . 

Tenepb CAedyem UHmeapupoeamt> ece amu ycAoeun e eduHoe 

2.6. PeayA'bmupyw'mee ycAoeue nodaeAenun 
aI'\x, a, 7, «, P, S, Xf , XI ,Xi,X2): 

a = A SINnh) A p < x+ A a(x, a, S)A 

A 3r?*, r < 7(7 = 7r A ^if4(x, 7, r?*, X?, XO)A 
A Vr'(r < r' A SINn{jr') 
^ 3a', S' [7^. <a' < ^r'+i A SIN^'^ {-f^,) A a(x, a', 5')A 

A A|f5(x, 7, 4' ^^[4 ])] )) ; 

3mo nocAednee ycAoeue naKAadueaem na Mampuv,y S na ee ho- 
cumejie a mnoKeAue mpe6o6aHun, u ecAU oho Mootcem 6umt> 
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peaAusoeano, mo moAbKO e CAedymui^eM ouewb oco6om CAyuae: 
pedyVjUpoeaHHan Mampuv^a S doAMcna UMemt, Hyjiesyio xapan- 
mepucmuKy na HocumeAe a, KapdunaA 7 doAMcen 6umb SINn- 
cy6He/i,ocTHXMM, 6a3a p doAMcna 6umb cxporo Menbine Kapduna- 
Aa J KapdunaA 7 doAMcen 6u'mb noKpbiT nofl^aBjiaiomeM no- 
KpbiTHeM muna rj* ; 6oAee mozo, Bar ecex 7' > 7, 7' G SINn cy- 
mecmeymm HocumeAU a' > 7' c KapdunaAaMU npedcKauKa , 
coxpaHHwmuMU ece S I Nn-capdunaAU < 7', u c unmepeaAOM 
[7,a^[, noKpumuM MaKcuMaAmuMu 6A0KaMu munoe rj' > rj* 
HUJfce a-y^ . 

/JaAee maKue CAyuau Mampuv,u S uyAeeou xapaKmepucmu- 
Ku Ha ee HocumcAe a 6ydym cucmeMamuuecKU omeepzambcn 
e xode onpedeAenuM MampuHHOu (pyHKV,uu u noamoMy mu 6ydeM 
zoeopumb, umo ama uyAeean Mampuii^a S sdecb na a nofl,aB- 
jiaexca Bah 7. 

CoomeemcmeeHHO, uyAeean Mampuu^a S na a c ducceMunamo- 
poM 5 u 6a30u p He nodaeARemcn Oar 7, ecAU smo ycAoeue 
Hapyiuaemcn; CAedoeameAbHO, ecHKan Mampu%a S na a He no- 
^aBjieHa Bah 7, ecAU ona effaaiiHHaR, uau UMcem 6a3y p > 
Ha a, UAU 7 He SINn-KapdunaA; man umo nado ecezda UMemb 
eeudy xapaKmepucmuKy Mampuu,u, ee 6a3y p u coomeemcmey- 
K)Ui,uu KapdunaA 7. 

IlpHOCTaHOBHM B nocjieflHHH pa3 Henaflojiro 3to onpeflejienne 
18.11 hto6m noHCHHTb HanpaBjieHHe pasBHTHa ero cJjHHajibHoli na- 
cth; ero cyTb coctoht b oGbiHHoii flnaroHajibHoit KOHCTpyKLi,HH, 
BbisbiBaromeit 4)HHajibHoe npoTHBopeHHe. 

HtoGbi flajiBHeftmaH KOHCTpyKii;HH onpeflejieHHH 18.21 MaTpHHHolt 
4)yHKii;HH pa6oTajia HafljieJKanpiM o6pa30M, ona flojiJKHa pyKOBOfl- 

CTBOBaTbCH n„_2-4)OpMyjIOH 

C/„_2(n, x, X, a, 6, 7, a, p, S), 
yHHBepcajibHoit ji^jir KJiacca n„_2 cJaopMyji c yKasaHHbiMH cbo- 
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6oflHbiMH nepeMeHHbiMH 

x,X,a,^:l,a,p, S, 

H nepeMeHHbiM reflejiesbiM HOMepoM n tekhx cjaopMyji b GasoBoft 
MOflejiH 971 ( CM. TapcKHH |25] . TaKJKe A^hcoh |23)). 
Korfla 3TOT HOMep n h nepeMennaa x npHMyT onpeflejieHHoe 
cneii,HajibHoe sHaneHHe o/i,HOBpeMeHHo: 

n = X = n", 

Tor/;a 3Ta 4)opMyjia 

yTBepjKflaTb, hto 5 ~ 3to a-MaTpHii,a, peflyii,HpoBaHHaH k x Ha 
HocHTejie a xapaKTepncTHKH a c ee flHcceMnnaTopoM 5 h 6a30H 
/9, donycmuMue ^jih 7 h noflHHHHioni,HecH onpeflejieHHbiM pexyp- 
CHBHbiM ycjioBHHM; HanoMHHM, HTO cJjopMyjia K^(7,a) (onpefle- 
jieHHe 17.11 ) osHanaeT, hto opflHHaji a coxpanaeT Bce SINn- 
KapflHHajibi < 7. 

OflHaKO flfl Tex nop, noKa SHaneHHe n" ne 6yfleT npHflano ne- 
peMeHHbiM n, x, STa 4)opMyjia 5yfleT fleftcTBOBaTb b onpe^ejie- 
HHH 18.21 npH n = x: 

Un-2{x,x,x,a,S,"f,a,p,S). 

TaKJKe flajiee 6yflyT HcnojibsoBaTbca cjieflyromne c]3yHKii;HOHajib- 
Hbie orpaHHHeHHH: 

X|r° = {(T,7?)€X:T<r°}; 

X\^a° = {((a,T),r/) £ X : a < a°}. 

Tenepb BepneMca k onpeflejieHHro 18.11 b nocjieflHHH pas. YcjioBHe 
HenodaeneHUR ^A^'^ Sy^eT fleftcTBOBaTb b cjieflyromeft KOHT.roHK- 
ii;hh c (JJopMyjioH Un-2, ocymecTBjiHromeft "Hecymyro KOHCTpyK- 
ii,Hio" Bcero npeflCTOHmero onpe/i,ejieHHH: 
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III. Hecymee ycAoeue 

3.1 C/:_2(n,x,x,a,<5,7,a,P,5,XO|r',xO|T',Xi|ia°,X2|V) : 

Un-2{n, X, X, a, 5, 7, a, p, S)/\ 

A-4'°(x,a,7,a,/9,S,X°|T',xO|r',Xi|ia°,X2|^a'^); 

3mo ycAoeue e KomioHKV,uu c ^opMyAou K^(7, aj[) noa/ie ux 
<-02paHUHeHUH KapduHajioM u djiK KOHcmaHm 

X = n", X, S, 7, a, p, t' <a^, S < p 

6ydem onucueanib CAedywinym cumyai^uio Huofce : S - amo 
Mampwua, pedyv,upoeaHHaH k x Ka ee Hocumejie a xapanmepu- 

cmuKU a, donycmuMan djisi 7 6Mecm,e co cgoum ducceMunamo- 
poM Sue 6a30u p, Komopan Hcno^asjicHa dnn 7 humcc - 
u CAedyem noduepKHyrrib, umo ama cumyau^un Oasi naotcdou napu 
{a^,T') 6ydem onpedeAMUibCM cfjyHKV,unMU 

xO|t' = ^i[«°]|t', X^\t' = X2[a%T', u Xi[a% X2[a'^] 

Bah pasAUHHUx a'^ < u onpedeAemiux na Meubmux napax, 
noamoMy peKypcuenan KOHcmpyKV,un, sadauHan amuM ycAoeueM, 
6ydem deucmeoeamt> KoppenmHo. 

3.2 A\x,x,r): 

37(7 = 7r A ^3a,(5,a,p,S'(K^(7,a^)A 

C/n_2(x,a;,a,(5,7,Q;,p, 5)) 

amo ycAoeue Oah ar = 6ydem oanaHamb, umo Hem a-Mampu%u 
S Ha HEKomopoM HocumeAe a, donycmuMou Oah jr- 

3.3 A^{x,x,ri,T2,T3,Xi): 



A^{x,x,Ti) AA2{x,'ri,T2,T3,Xi). 
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IV. 3aMUKaH)VJ,ee ycjioeue 

9mo ycAoeue ocyiu,ecmeum e daAbneumeM saMUKanue duasonaAb- 
noso paccyotcdeHun, ycmaHaeAueawmeso ^unaAhHoe npomueope- 
Hue. 

4.1 (a = ^ Vr{ , r{', r^, r^, ry' < aj[ * < S < 7^/ 

AAr^"*(x,r(,rr,r^,r^,r?',Xi[4],X2[4]) ^ r?' < p^p = x+]); 

ama (fiopMyAa UMeem eom KaKoe codepoKanue dAJi nyAeeou Mam- 
puvfii S Ha HocumeAe a c ducceMunamopoM 5 u 6a30u p: 
ecAu amom ducceMunamop nonadaem e MaKCUMaAt>Huu 6aok 

[7^,"^ , 7^,"^ r Huotce KapduHttAa npedcnauKa a^, mo ecmb ecAU 

TOO 9ma 6a3a p doAotcna cym,ecmeeHHO eospacmu u npeeaoumu 
mun rj' amozo caMozo 6A0Ka, uau daotce npuHnmh MaKCUMaAbHoe 
603MOCHCHoe 3HaHeHue: 

r]' < py p = X^, 
3a HeuMCHueM Hunezo Ayumezo; 

noamoMy e nodo6Hux cAynanx unmepeaA [r( ,t^[ u coomeem- 
cmeywinuu unmepeaA 

r <al <al r 
br[ [ 

6ydym CHumambcn "o6peMeHHTejibHbiMH" dAH maKou HyjiesoH Mam- 
puvfii S c maKUM ducceMunamopoM na HocumeAe a u 6ydym 
npensTCTBOBaTb o6pa30BaHHio MaTpHij,bi S na amoM HocumeAe 
(c amuM ducceMunamopoM 5). 
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V. YcAoeue sKeuuHcfiopMamueHocmu 



5.1 ^^(x,a°).- 



X<a^AAT ix) 



,0 



(/)|| A5/iV„_2(a°)A 



u, 



'n 



AV7<a"37i G [7,a"[ 5/iV<" (71); 



KapduHaA a sdecb c smuM ceoucmeoM HasueaemcH, nanoMHUM, 

9KBHHH(pOpMaTHBHbIM C KapduHaAOM X- 



IlocjieflHee noHHTHe 6i.ijio HcnojibaosaHO Bbime necKOJibKO pa3 (cm. 
TaKJKe |11] - I17) . |29) ) h sflect oho aKi^eHTHpyeTCH no npHHHHe ero 
OC060H BajKHOCTH: KajKfloe H^-yTBepjKfleHHe (p(l) BbinojinaeTca 
HjiH HeT B KajKflOM reHepHHecKOM pacniHpeHHH 9?T[/] HHJKe x 
H TaKJKe B 3TOM >Ke pacuiHpeHHH HHJKe a" oflHOBpeMeHHo (cm. 
KOMMCHTapHH Hocjie (|7.ip ); HaHjiyHuiHit npHMep TaKoro - 3to 
xapflHHaji npeflCKaHKa nocjie x JiK)5oro MaTpHHHoro HOCHTe- 

jiH a > X (ecjiH 3TOT KapflHHaji npeflejien fljiH Kjiacca SINn ^ ) . 

Tenepb Bce totobo ^jih Toro, htoGbi co6paTb Bce BBeflennbie 
Bbime cJaparMeHTbi bmbctb b cjie^yiomeM UHmezpupyioui^eM onpe- 
flejieHHH 18. 2| r^e paccMaTpHBacTCH nepeMennaH MaTpHii;a S na 
ee HocHTejie a. 

Tpe6oBaHHH, KOTopbie naKjiaflbiBaroTCH b hcm na MaTpHii,y S na 
ee HOCHTejie a h na ee flHcceMHHaTop 5 c 6a30H saBHCHT 
OT 4)yHKii;HH Xi, i = 1, 5, KOTopbie yjKe 6yflyT pexypcHBHO onpe- 
flejieHbi HHJKe KapflHHajia npe^cKaHKa a\\ ohh 5yflyT 3a/;aHbi na 
onpe/i,ejieHHOM no/;MHOJKecTBe MHOJKecTBa 




{(aO,r): 37 <aO(x< 7 = 7<"°A 

AaO<a^A^^(x,aO))} 



(8.1) 
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H nOSTOMy 4>yHKII,HH 

Xf = Xi[a% i = i;5 
SyflyT saflaHbi na cooTBeTCTByromeM noflMHOxcecTBe MHOxcecTBa 

{T:jr€SIN<-l} 
fljiH Kaacfloro Kapflnnajia a° < 9KBHHH4)opMaTHBHoro c %. 

a* 

3to MHOJKecTBO HOJiaraeTCii KanoHHHecKH ynopHflOHenHbiM 

(c KaK nepBOH KOMnoneHTOH b 9tom ynopjiflonenHH h c r KaK 

BTOpoft) . 

HiaK, nepeMeHHaH X2 6yfleT nrpaib s^ecb pojib xapaKTe- 

pHCTHHeCKOH (]3yHKIi;HH (tO eCTb 4)yHKLi;HH XapaKTepHCTHK) flj"") 

onpc^cjicHHOH HHJKC Kap^HHajTa a^; 6y/;eT arpaTb pojib MaT- 

pHHHOH 4)yHKIi;HH aS'y °" ; - pOJIb flHCCeMHHaTOpHOli 4)yHKII,HH 

(to ecTb 4>yHii,HH flHcceMHHaTopoB) <^j"°; ^4 - ee 6a30BOH 4)yHK- 
ufim (to ecTb 4)yHKii;HH 6a3 flaHHbix) ° ; X^ - pojib necymeft 
4)yHKii;HH (to ecTb 4)yHKii,HH HOCHTejieit) ck^°^°; Bce ohh 5y;j,yT 
onpeflejieHbi HHxce a^. 

Hocjie Toro, KaK Bce 3th 4>yHKii,HH 6yflyT 6yflyT onpeflejienbi 

flJIH BCeX TaKHX KapflHHajIOB 

- Tor^a B saKjironeHHe pesyjibTHpyromee TpeSoBaHne Sy^eT najio- 

jKeHO Ha caMy MaTpHLi;y S na cc HOCHTejie a BMecTe c ee f^ncceMH- 
HaTOpOM 5 H 6a30H flaHHblX p B SaBHCHMOCTH OT pacnojiojKeHHH 

SToro S, 6ojiee tohho - b saBHCHMOCTH ot MaKCHMajibHoro 6jiOKa 
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3aKjiK)HaK)iii,ero b ce6e 3tot 6, KOToptift 6yfleT yjKe onpeflejien 
HHJKe a^. 

3flecb, HanoMHHM, fleHcxByex saMtiKaiomee TpeGoBanne, HajiojKen- 
Hoe Ha MaTpHii;y S na ee HOCHTejie a, ynoMHHyToe Bbime: 
ecjiH S Ha a HMeeT HyjieByio xapaKTepncTHKy h ero /;onycTH- 
Mbiit flHcceMHHaTop 6 nonaflaeT b MaKCHMajibKbift 6jiok THna rj' 
HHJKe a^, TO rj' < p A p = x^; TaKHM o6pa30M, b 3tom cjiynae 
6a3a /];aHHbix p flOJiJKHa BHaHHTejibHO BospacTH h mbi yBH^HM, 

HTO 3TO B03M0JKH0, HO BCHKHH pa3 BBflBT K HpOTHBOpeHHIO. 

En^e Bflecb HOTpe6yeTca cJjopMyjiHpoBKa ^J^"(x) hohhthh 
HacbiH^eHHOCTH KapflHHajia x (cm. apryMeHT nepe/i, (|7.ip hjih 
OHpeflejieHHe 6.9 4) [29] ); HanoMHHM TaKJKe, hto p oGosnana- 
eT saMbiKaHHe p OTHOCHTejibHO 4)yHKLi,HH napbi. 

HTaK, peKypcHBHoe onpeflejienne MaTpHHHoft 4)yHKii;HH, sa^aH- 

Hoe Ha MHOJKecTBe , HaHHHaeTca ; Hocjie oHpe^ejieHHa 8.4 mbi 
HOKajKeM, KaK 3to peKypcHBHoe onpeflejieHHe fleficTByeT: 

Onpe^ejieHHe 8.2 

1) Tlycmb 

Un-2{n,x,x,a,6,'y,a,p,S) 

amo YirL-2'4>opMyjia, yHueepcajibHan Bah KJiacca n„_2, ede n 
3mo nepeMCHHUu zedcAte HOMep Hn-2-'popMyA co ceo6odHUMU 
nepeMCHHUMU x, Xj ^> 7) o;, p, S, u nycmb 

U:_2{x,x,a,6,j,a,p,S,X^\T',Xl\T',Xi\^a'>,X2\^a'>). 
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amo (popMyAa 
Un-2{x, X, X, a, S, 7, a, p, S)A 

A -4'°(X> 7, «, P, S, X^\r', X^\t', Xi|ia°, X2|^a°). 
2) Ilycm'b 

A^^{x, X, Xi,X2,Xs, X4, Xs, 4) 

amo CAedymvuaH Ai-^opMyAa, cocmaejMwmaH mpe6yeMoe ycjio- 
BHe peKypcHH: 

Ai<i<5 (i-^i ^"^0 ^yHKHfUn) /\ Xi < f\ 

Adom{Xi) C |(a°,r) : 37 < aO(x < 7 = 7<"°A 

AaO<4AAg(x,aO))})A 
AVaO((aO<aj[A^|(x,a°)) ^ 

— > ^xl, x^,xl, xl, xl, xl'^ Ai<i<5 = ^i[<^^]^ 

AX^'° = Xil^aO A Xl'"" = X2\^a^^ 
AW, y , 7" < aO (x < 7' A 7' = 7^5"° A 7" = 7<°° ^ 

^a' = max< (a" : 3(5", a", p" < j"3S" < x+lK^^^^Y, )A 
AC/*<f {x, X, a", <5", 7', a", p", S", |r', |r', X^^'")) }) A 
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A\/S'(x^{t') = S'^ 3a' (a' = X^{t')A 

AS' = min< {S" < x+ : 35", a", p" < 7"(K^<"° (f, af)A 
AU:<f {x, X, a', S", y , a", p", S", X?|r', XI\t', X'/))})) A 

AW(^XI{t') = S' ^ 3a', S'(a' = X^{r') A S' = X^(t')A 

AS' = min< {6" < 7' : 3a", p" < y'(K^<"°(y, )A 
AU:<f {x, X, a', 6", y , a", p", S', X? |r', |r', X^'^ X^^''')) }) ) A 

AVp' (x2(t') = p' ^ 3a', 5', 6' (a' = X?(t') A 5' = Xl{r')A 
AS' = Xlir') Ap' = mm< {/ < x+ : 3a" < 7"(Ky<""(y, a;:^)A 
Ai7*<f (x, X, a', <5', y , a", p", S', X^,\t', X^\t', x'/)) }) ) A 

AVa'(x5°(r') = a' ^ 3a', S', 5', p'^a' = X^{t')AS' = X^{t')A 

6' = Xlir') Ap' = X2{r') Aa' = mm {a" < 7" : K^<""(y, a';^^)A 

/\^n--2 {x,x,a. ,S ,a ,p ,S ,Xi\t ,X2\t ,X{ ,^2' ) 
3) Mu o6o3HaHaeM uepea 

Q;K^+i(x,x,a,(5,7,Q;,p, S) 
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Iln-2-^opMyAy, Komopan SKeueajieHmHa CAedymmeu (fiopMyjie: 

(a = V a = 1) A C7(x, a, S) A Lj<°'{x) Ax<(^<7<aA 
AS<p<x^Ap = pA SIN^"^6) A 5/iV<"f [< p] {6) A 

AV7 < 3y G [7,aji[ 5IiV<"'(7') A c/(aj[) > x+A 
A3Xi, X2,Xs,X4, X5{a^^{x, X, Xi, ^2, Xg, X4, X5, a|)A 

(a = ^ 3t{ , T^, < 4 (^°^"* (x, t{ , r^, r^, Xi [4]) A 
AVT"(r( < r" < ^ X2[4](r") = l) A Xi[«|](r^) = S)) 



A 



A 



AAr^"'(x, r{, rf , 4, r^, r?', [of] , [aj[] ) 



77' <pVp = x+])}• 



O6^03KaH^XJH Hepea K°(x, a, 5, a, p) nocAednuu KOHSWHKmue- 
Huu HACH e GoAbmux (f)uzypHux cKo6Kax { , } 6 nocAedneu (fiop- 
MyAe, mo ecmb aaMUKaminee ycAoeue: 

(a = ^ Vr(, rf , t^,^, rj < ^ [7;,"* < S < 7<"^ A 
AAf'^"'- (X, r( , rr, r^, r^, r,' , X, [a^X^ [a^]) ^ 
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0yHKii,uu Xi[af], X2[af] ne ynoMUHammcH sdecb e oSosnaueHuu 
K.^ dnn KpaniKocmu, maK kgk ohu onpedeAHmmcH eduHcmeeuHUM 
o6pa30M e npedmecmeyKiui,eu uacmu amou cfiopMyAU aK.^j^i. 

4) QopMyna aK^_^^ - amo Yln~2-4>opMyAa u noamoMy ona 
noAyuaem ceou zedenee Homep n°, mo ecnib: 

aK^^^{x,x,a,S,j,a,p,S) i — > Un-2{n°' ,x,x,a,6,-f,a, p, S). 

UpuceouM snaueHue n" nepeMCHHOu x sdecb e amou sneuea- 

AeHmHocmu u eesde danee u coomeemcmeeHHO smoMy cumboau 

n", X 6ydym onytu,eHU eesde danee e o6o3HaHeHUHX. 

Mm o6o3HaHaeM uepes aK^"i a, 5, 7, a, p, S) CAedyrnvm^ym Ai- 

^opMyAy: 

K^<°i (7, 4) A aK^t?' (X, «, 7, a, 5) A a < ai, 

u, coomeemcmeeHHO, uepes aK*'^°'^{x,a,6,^,a, p,S) - cf)opMyAy, 
Komopan noAyuaemcn us (fiopMyAU aK^"i npucoeduHCHueM k 
Heu KOH^mHKmueHozo ycAoeun Henofl^aBjieuiia Mampuv,u S na 
a dAH 7 (cm. onpedeAeHue \8.1\ 2.6 ), ho humcc ai < k (amo 
deAGAOcb eume e nynnmax 2), 3) Bar , a\) - CAedywinuM 
o6pa30M: 

(7, al) A aK^^-^^ (x, a, 5, 7, a,p,S)^a< ai A 
(a = A 5/iV<"i (7) A p < x+ A a, 5) A 
A3Xi,X2,X3,X4,X5(A^^(n",X,^l,^2,^3,^4,X5,ai)A 
A37?* , r < 7 (7 = 7r"^ A AIT' ix, 7, r]* , X, [ai] |t, X^ [ai] |t) A 
AVt'(t < r' a S/iV<"i(7;5°') ^ 
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3a', S'[^<r' <a'< ^ SIN^'^'^ij^r) A a{x, a', S')A 
^AIT' ix,7,v\a'l X, [a'^] , [a'^])] ) ) ) ) ; 

adecb ymeepotcdaemcH donycmuMocmh Mampuv,u S na a, u 

ceepx mozo — ee nenodaeAeHHOcmb dnn 7 Huotce ai. TanuM 
o6pa30M, ecAU aK^^^ evmoAHHemcn, ho q;K*^"i Hapymaemcsi, 
mo S Ha a donycmuMa, ho nodaeAena (ece amo Huofce ai).^"^^ 

5) EcAU ^opMyAa aK^^^ (x, a, (5, 7, a, p, S) eunoAHHemcH 
KOHcmaHmaMU Xj (^j 0!> 7; Pj S, a\, mo mu zoeopuM, umo 
X, a, 6, a, p, S oneHb chjibho donycmuMU dAn 7 HUMce a^. 
EcAu HeKomopue U3 hux ^UKCupoeanu uau yKaaueammcH e koh- 
mencme, mo mu zoeopuM, umo ocmaAbHue oneHb cmibHO dony- 
cmuMU dAH HUX (u dAH 7^ Huofce ai. CoomeemcmeeHHO, nepes 

aK<-'{x,7,a,S) 

6ydem o6o3HaHamt>CH ^opMyAa 

3a, 5,p<-/ q;K<"i (x, a, S, 7, a, p, S) 

osHauamvuaH, umo S na a oneHb ciiJibHo donycmuMa Oah 7 
Huotce ai . 

6) Mampuv^a S nasueaemcn aemoaKsopUfUaueHou uau, ko- 
pomKO, a-Mampuu,eu xapaKmepucmuKU a, oneHb cnjibHO dony- 
cmuMou Ha HocumeAe a Oah 7 = 7^"^ nuotce ai, ecAU ona 
o6Aadaem na a HCKomopuM ducceMunamopoM (5 < 7 c 6a30u p 
OHCHb cuAbHo douycmuMUMU dAH HUX maKOKe Huotce ai. 

B KaMcdoM nodo6HOM cAynae a-Mampuv,a o6o3HaHaemcsi 06- 

VJ,UM CUM60A0M aS UAU S. 

EcAU oi = k, UAU ai ynaaueaemcH e KonmeKcme, mo 
eepxHue undeKcu < ai,< ai u dpysue ynoMunanun o ai onyc- 
nammcM. 

/faAee ece nonnmun donycmuMocmu noAaaammcn oueb cuAb- 
HUMU, noamoMy mepMUH "oneub cuAbHo" 6ydem e daAbueumeM 
onycKambCH. H 
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TaKHM oGpasoM, orpaHHHeHHaa cJaopMyjia 

BosHHKaeT H3 4)opMyjibi aK^^^i nocpeflCTBOM npHCoe/i,HHeHHa k 
Heft ycjioBHa HenoflaBjieHHH MaTpHii;bi S na a flJiH 7 HHJKe 
ai, KOTopoe nojiynaeTCH h3 ycjioBHH onncaHHbiM Bbime 

cnoco6oM — <l-orpaHHHeHHeM KapflnnajioM ai (to ecTb <- 
orpaHHHeHHeM ero hhahbhahbix nepeMeHHtix sthm Kap/];HHajioM h 
saMBHoft ero noflcJjopMyji SINni'j) na S/iV^^i (7)). 
CooTBeTCTBeHHO, ecjiH MaTpHii;a S ua a nodaeAena fljiH KapflH- 
Hajia 7 HHJKe ai, to 7 - 3to S'/A^^^^^-KapflMHaji h S HMeeT 
Hyneeyw xapaKTepncTHKy na a h 6a3y p < HHJKe ai. 

Besfle flajiee x = X* < mbi 5yfleM nacTO onycKaTb 060- 
SHaneHHH 4)yHKii,Hft Xi = aS'j"^, X2 = a^"^ h chmbojiob x*) 
n" B HanncaHHax cJaopMyji 

(h3 onpe/];ejieHHft 18. H 18. 2p h /];pyrHX o6o3HaHeHHft fljiH neKOTopoft 
KpaTKOCTH (ecjiH 3TO He BbiaoBCT He/i,opa3yMeHHft) ; nanpHMep, bch- 
KHft Kap/;HHaji npe^cKaHKa af,* 6yfleT o6o3HaHaTbCH nepea h 
TaK flajiee. 

KacaTejiBHO 3thx cJjopMyji cjie^yeT OTMeTHTb, hto onpeflejienne 
18.21 6biJio c4)opMHpoBaHO c i^ejibio nojiyHHTb KjironeByro 4)opMyjiy 
aK.^_^_i H3 Kjiacca n„_2. /],Jih 3Toro Bce cocTaBjiHiomHe cJjopMy- 
jibi 6bijiH <-orpaHHHeHbi KapflHHajiaMH a*^ hjih a''^. 
Ho B flajiBHeftmeM 3th orpaHHHeHHH 5yflyT nacTO onycKaTbCH 6e30 

BCHKOft nOTepH COflepjKaHHH 3THX 4)OpMyjI, nOTOMy HTO HX HH- 

flHBHflHbie nepeMeHHbie a KOHCTaHTbi 6yflyT b fleftcTBHTejibHOCTH 
orpaHHHeHbi yKa3aHHi.iMH b KOHTeKCTe KapflHHajiaMH b xo^e hx 
npHMeHeHHH. 

OneBHflHO, nepeMeHHbie Xi, i = l,5 3a/i,aioTCH b onpeflejienHH 
18.21 ejHHCTBeHHbiM o6pa30M Hepe3 ero napaMeTpti, HOBTOMy Taxne 
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JKe 4)yHKii,HH MOJKHO peKypcHBHO onpeflejiHTb toh JKe peKypcn- 
eli Ha TaKOM »ce MHOJKecTBe nap (ai,r) (nanoMKHM MHOJKecTBO 

m) 

A = {(ai,r) : 37 < a^x* < 7 = 7<"^ A ^^(x, ai))} 
ynopHflOHeHHOM KaK h Bbime KaHOHHHecKH (c ai kslk nepBolt 

KOMnOHeHTOH B 3TOM ynopHflOHeHHH H T KaK BTOpoft). 

OnpeflejieHHe 8.3 

Ilycmb X* < Oil. 

1) Mu HasueaeM xapaKmepucmuuecKou ^yHKV,ueu ypoeHH n hu- 
Mce ai pedyv,upoeaHHou k x* cAedymmyw ^yHKi^uw 

npuHUMaminyto SHaueHUH: 

= max{a : 35, a,p< 7<_^i 3S < x*^ aK*<"i (a, 5, 7<"i , a, 5)} ; 

2) AIM 6ydeM nasueamb MampuuHou aemo9K3opiiiU3ueHou (caMO- 
ucKAfOHatoineucR e Hapymenuu MOHomoHHOcmu) (pyHKii^ueu uau, 
Kopoue, a-(fiyHK%ueu ypoeuH n HUMce ai pedyii^upoeaHHOu k x* 
CAedymu^ym (fyyuKv^un) 

npuHUMawmym SHaueHUSi: 
aS<''^ = 

= mm{S < x*+ : 35, a, p < aK*<"^ (a<"^ , 6, 7<°^ ,a,p,S)}; 
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3) CAedymmue conpeoofcdamvuue opdunaAbHue <fiyHKV,uu onpedeAH- 
mmcH Huotce ai: 



ducceMUHamopnaH ^yHKV^usi 


r<ai _ 




Sasoean c^yHK%ufi 


pr - 


= ipr^) 


Hecyiu,aH (fiyHKi^un 


ap - 


-- (a<"i) 


npouaeodmncui ducceMUHamopnaH 




(fiymUfUH 


- 





npuHUMaK)iu,ue anaHeHun dnn Qt = a^"'^ , Sr = aS^"'^ : 



= min{p < x*+ : 3a < 7<_fi^ aK*<"Ha, J<"S 7r P. ^r)}; 



mm{a < 7<+i^ : aK*<°i (a,, S<"^ , 7<°^ , a, p<"^ , 5,) } ; 



;i 1 <°i 

U OAH a = Ur 



6<-^ = mm{6 < 7<"^ : SIN<"\6) A SIN<^1 [< p<"^] (5))}; 

SnaHenue a;^"^ naaueaemcn, nanoMHUM, xapaKmepucmuKou Mam- 
puvfii aSf^^ Ha HocumeAe a^°'^ u comozo amozo HocumejiH 
Huotce ai. 
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Bee ^yHKU^uu 

<ai T<ai f<ai <ai 

aj: , Of , Of , pf 
HoaueammcH, djiH HeKomopou KparriKocmu, ampu6ymaMU ^ym- 

ap\ aSf"\ 

a ux .snaueHUH djin undeKca r Hosueawmcn maKOfce ampu6yma- 
Mu SHaueHuu 

anajiozuHHO (f)yHKV,un a^"^ HosueaemcM ampu6ymoM 0yHKV,uu 
aS'f"'^, a ee SHaneHue a^"'^ - ampu6ymoM Mampuvfii aS^""^ 
HUOKe ai, u maK dcuiee. 

H 



HoHHTHe xapaKTepHCTHKH BBOflHTCH B o6n];eM cjiynae: 



OnpeflejieHHe 8.4 

Mu HaaueaeM xapaKmepucmuKou Mampuvfii S na Hocumejie 
a > X* HUCAO a{S, a) = a, onpedejineMoe CAedywiUiUM o6pa30M: 

(a = iVa = 0) A(|a = i — > 

AVT"(r{ < t" < ^ a<?* = l) A aS<f = S)). 

Mampwua S na ee HoeumeAe a Haaueaemcn eduHUHHOu Mam- 
puv,eu Ha a, ecAU ona UMeem eduHUHnym xapaKmepucmuKy na 
a; unane ona Haaueaemen uyAeeou Mampuv,eu na a. H 

TaKHM o6pa30M, b xo^e onpe/i;ejieHHa a-4)yHKLi,HH npno- 
pHTBT OTflaeTca a-MaTpHn,aM, o6jiaflaion],HM Sojibinefi xapaKTepn- 

CTHKOH. 
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3to o6cTOHTejibCTBO, xoTH H no3BOjiHK)iii,ee peuiHTb BCK) npo6jieMy 
6ojibmHX KapflHHajioB, cymecTBeHHO ycjioJKHHeT Teopnio MaTpHH- 
Hbix 4)yHKii;HH B ii;ejiOM, TaK KaK pejiHTHBHSHpyromne paccyjKfle- 
HHH He pa6oTaK)T Tenepb Bnojine CBo6oflHo: CHTyaii;HH, CBHsaHHbie 
c HyjieBOH xapaKTepncTHKoii MoryT He nepenocHTbCH na HHJKHHe 
HacTH yHHBepcyMa, nanpHMep, onpeflejieHHbie eflHHHHHoii xapaK- 

TepHCTHKOH, HJIH HO flpyPHM npHHHHaM, CBHSaHHbIM C HOflaBJieHH- 

eM. 



OnpeflejieHHe 18.31 a-4)yHKLi;HH h conpoBOJK/];aiomHX ee opflH- 
HajiBHbix 4)yHKLi,HH cjieflyeT peKypcHBHOMy onpejejieHHio [8^ h TaK 
KaK 4)yHKii;HH Xi, i = 1,5 onpeflejiaroTca 3toh peKypcneli b 4)op- 
Myjie aK^_|_;^ b ee noflcJjopMyjie Af'^" eflHHCTBeHHbiM o6pa30M 
Hepes ee napaMeTpbi, to neTpyflHO BH^eTb, hto 4)yHKii;HH 
i = 1,5, B onpejejieHHH l8^ coBnajaroT c cooTBeTCTByromHMH 

4)yHKLI,HHMH 

p^jia KajK/;oro Kap/;HHajia SKBHHHcJaopMaTHBHoro c x* ■ no SToii 
npHHHHe Mbi 6yfleM HcnojibsoBaTb hx oGosHaneHHH (|8.2p BMecTO co- 

OTBeTCTByromilX o6o3HaHeHHH 3THX 4)yHKII,HH Xj[a'^], i = 1,5 B 

4)opMyjiax H3 onpeflejieHHH 18.11 to ecTb Hcnojibsya 3th 4)opMyjibi, 
HO flJiH 4)yHKii,Hii Xj[a''], i = 1,5, saMeHeHHbix na cooTBeTCTBy- 
lomHe 4)yHKii,HH (|8.2p fljia a*^ = ai; mbi flajKe 5y/i,eM onycKaTb hx 

flJIH HeKOTOpOH KpaTKOCTH, KOTfla 3TO He 5yfleT BblSblBaTb Heflopa- 

syMeHHH H Korfla KOHTeKCT 5yfleT OHeBH/];HO na hhx yKasbiBaTb. 

HanpHMep, 4)opMyjia (ri, r2, a5j ) osnanaeT, hto HHJKe 
Qi BbinojiHHeTca 

Ti + 1 < r2 A (aSj"^ amo (fiyHKV,usi na ]Ti,r2[)A 
Ati = min{T : ]r, C dom{aSf°'^)A 
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iTl ITI 



4)opMyjia Af^^ {ti,T2, aSf°^^) oaHanaeT, hto HHJKe ai Bbinoji- 



HaeTCfl 



4)opMyjia 



^r"'(n,r2,r3,a5<"') A Vr G ]ri,r2] a<"' = 1 A aS<f = S 

osHanaeT, hto speech - bto KapflHHaji npe^cKaHKa HOCHTejiH 

a nocjie x*i ^ hto He cymecTByeT a-MaTpHii,bi, /i,onycTHMoit fljiH 
7^°^ HHJKe a''^, H HHJKe Toro JKe BbinojinaeTCH 



^1 (n,7^3,aJ/ j, 



H T2 G ]Ti,r3[ 3TO nepBbiH opflHHaji, Ha KOTopoM HapymaeTCH 

MOHOTOHHOCTb Ha ]ri,r3[ MaTpHHHOH 4)yHKH,HH OlSj°' (hO yJKB 

HHJKe ) H, 6ojiee Toro, aSf^^ = 5 h Bce MaTpHH,bi aS^'^^ 
o6jia/;aioT eflHHHHHOH xapaKTepHCTHKOH Ha ]Ti,r2] - HTaK^ajiee. 
Tenepb Heo6xoflHMo cflejiaTt cjie/i;yion;He flBa npocTbix saMenaHHa: 
1. Bce HHTepBajibi [7^"^;7^"^[ onpeflejieHHOCTH HHJKe ai, 
paccMOTpeHHbie b oHpe/i;ejieHHH 18.11 fljia 4)yHKH,HH 

Xi = a5<"i, X2 = a<°S 

6bIJIH paSJIHHHblX BH/;OB H 6bIJIH OHpeflejieHbl paSJIHHHblMH ycjio- 
BHHMH, ho BCe OHH BKJiroHaJIH yCJIOBHe MaKCHMaJIbHOCTH HHTepBa- 

jia [7^"^ , 7^"^ [ BjieBo: 

KOTopoe yTBepjKflaeT, homhmo Hponero, hto MaTpHnnaa 4)yHKu;HH 
aS^°'^ HHJKe ai onpeflejiena na HHTepBajie ]Ti,r2[ h opflHHaji ri 
HBjiaeTCH MUHUMaAbHUM c 3THM CBOHCTBOM H, 6ojiee Toro, 7^^°^ 
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HBjiaeTCH S'/A'^^"^-Kap/;HHajioM. Bjiaro/;apH 3toh MHHHMajibHO- 
CTH HeTpyflHO BHfleTb, HTO 3Ta 4)yHKii,HH a5j He onpeflejiena 
fljia caMoro SToro opflnnajia ri ! 

2. rioHHTHH /;onyCTHMOCTH, npHOpHTeTHOCTH H no/];aBjieHHH cjie- 
fljeT paajiHHaTb. Mojkho npe/;cTaBHTi. ce6e pfie MaTpHLi,bi S', S" 

Ha HX HOCHTejIHX a', a" COOTBeTCTBeHHO BMeCTe C HX COOTBeT- 

CTByiomHMH aTpnGyTaMH, o6e flonycTHMbie fljia eflHHoro KapflHjia 
7^"^; Korfla 5' o6jiaflaeT eflHHHHHoft xapaKTepncTHKoft na a' 
OHa Bcerfla HenoflaBjiena a HMeeT npnopHTeT na/; S" nyjieBoit 
xapaKTepHCTHKH Ha a". Ho flajKe Kor^a hbt TaKoft MaTpHii,bi S", 
Bce-TaKH MaTpHii,a S" on a" mojkbt Gbitb noflaBjiena, ecjiH 
BbinojiHHeTCH ycjioBHe noflaBjieHHH A^'^ HH»ce ai; h b jik)6om 
cjiynae KajKflaa noflaBjieHHaa MaTpHii,a ne mojkbt Gbitb SHaneHHeM 

MaTpHHHOit 4)yHKII,HH a5j . 

TaKHM o6pa30M, fljiH HHTepBajia [7^"^ , 7^"^ [, MaKCHMajibHoro 
BjieBO HHJKe ai, ne cymecTByeT SHaneHHH aS^"^ flJiH r = ri, ho 
TeM He Menee sto hb HCKjironaeT cyni,ecTBOBaHHH neKOTopoft MaT- 
pHii;bi moAbKO donycmuMou (ho HOflaBjieHHoft) fljiH 7^"^ hhjkb 
ai. 



A Tenepb, HMea sth saMenaHHH BBH^y, paccMOTpHM, KaK onpe- 
jejieHHe 18.21 - h, cjieflOBaTejibHO, onpe jejieHHe l8^ - pa6oTaeT hh- 
JKe ai (mbi paccMaTpHBaeM, HanoMHHM, caMbift BajKHbift cjiynaft, 
Korfla X = X*) n = n"). 

I. HTaK, B ero TpeTbeft nacTH b nanajie cJjopMyjibi 

yTBepjKflaeTCH, hto S - 3to 5-MaTpHu;a na ee HOCHTejie a > x*i 
a < ai, peflyii;HpoBaHHaa k x* ^ flHcceMHHaTopoM (5 < 7 h 
6a30H p: 

5<p = p<x*+; 



8. MaTpHHHbie a -(pynKiinn 



57 



KapflHHaji npeflCKaHKa a'^ = a^* HEjiaeTCH npeflejiBHbiM fljia 

S'/iV^"^ H HMeeT KOHcJ)HHajIbHOCTb > flHCCeMHHaTOp 6 

oSjiaflaeT cySHeflOCTHxcHMOCTbio HHxce a'^ ypoBHsi n h ^aace 
ypoBHsi n + 1 c SaaoH p, to ecTb 

,5G5/iv<"'ns/iv<+"i'[<p]. 

11. 3aTeM HHJKe ct^ onpeflejiaioTCH 4)yHKLi,HH Xj, i = l,5 na 
napax (Q;°,r') G r^e KapflHHajibi a'^ G ]x*,a'^] skbhhh- 

(|)opMaTHBHbi c X* H cymecTByioT KapflHHajibi 7^°°. 

Bee 3TH 4)yHKLi;HH pcKypcHBHO onpe/];ejiHioTCH nepes onpe;];c.JicHHe 
4)yHKi],HH Xf, i = 1,5, noepe^eTBOM yejioBHa peKypeHH H3 
BTopoH HaeTH onpeflejieHHa 8.2: 

X4[a°] = p<"°, X5[a0]=a<"°. 

Ll^ejib 9Toro onpe^ejieHHa - nojiyHHTb pesyjibTHpyioiuyio MaTpHH- 
HyK) (|)yHKn,HK) ctS^"^ , ho nepBofi onpe^ejisieTea HMeHHO xapaK- 
TepneTHHeeKaa 4)yHKn,HJi 

X', = X,[a'] = a<-\ 

StQ, (J)yHKLI,HH npHHHMaeT MaKCUMGAbHUe BOSMOXCHbie SHaneHHa, 

eflHHHHHoe HjiH HyjiBBoe, KOTopbie aBjiaiOTea xapaKTepneTHKaiviH 

MaTpHu;, ;];onycTHMMX HHJKe a'', ho moAbKO ne nyAeeym xapan- 
mepucmuKy nodaeAennux nyneeux Mampuv, S" na hx HoeHTejiax 
a" , KOTopbie yflOBjieTBopaioT yejiOBHio eBoero noflaBjiennji HHxce 

^5 (0,7^, ,a ,p ,b ,X^\t ,X2\t ,Xi\ a ,X2\ a ), 
r^e 4)yHKn,HH s^eeb 

Xi\T , A2IT, All a , A2I q; 
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yjKe onpeflejieHbi. H Besfle b flajibHenmeM TaKHe noflaBjieHHbie ny- 
jieBbie MaTpHn,bi cncTeMaTHnecKH OTBepraroTca. 
Ilocjie Toro, KaK xapaKTcpHCTHHCCKaH 4)yHKLi,H5i X2[q;°] = 
onpeflejiena, Bce ocTaBinHeca 4>yHKii,HH 

Xi[a% Xi[a% i = 3;5 

onpe;];ejiHioTCH nocjie/];oBaTejibHO o^na sa ^pyroft nocpe;];cTBOM mh- 

HHMH3aLI,HH HX flOnyCTHMMX H HenOflaBJieHHblX SHaHeHHH. 

TaKHM o6pa30M, cjieflyromeli no onepeflH onpeflejiaeTCH MaTpHH- 
Haa 4)yHKn,HJi Xi[q;'^] = otS^'^ , nocjie 9Toro cooTBeTCTByio- 

maa flHCceMHHaTopHaa 4)yHKn,Hsi X3[a'^] = <5j"°, saieivi SasoBasi 

4)yHKLi,H5i X4[a'^] = p'f°'°, H B HOCJieflHioio onepeflb onpe^ejiHeTca 

HecymaH 4>yHKii;HH X5[a'^] = • 

Hpn 3TOM SHaHeHHH KaJKflOH H3 nOCJieflyiOIIl,HX H3 3THX 4)yHKII,HH 

cymecTBeHHo saBHCHT OT sHaneHHH npeflbiflymnx 4)yHKii,HH. 

III. IloCJie TOrO, KaK 9TH 4)yHKLI,HH c4)OpMHpOBaHbI fljia BC5IKO- 

ro 

9TO onpeflejieHHe nepexo^HT k Kapflnnajiy 

H 3flecb onpeflejiaeT xapaKTepncTHxy caMoli MaTpHLi,bi S na ee 
HOCHTejie a: 

MaTpHn,a S a nojiynaeT nyjieeyn) xapaKmepucmuKy, Kor^a ona 
ynacTByeT b cjie^yiomeM HapymenHH mohotohhocth MaTpHHHOH 

4)yHKLI,HH 

HHxce a^: Kor^a nnxce BbinojiHsieTCH ycjiOBne 
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A W e ]Ti,4] a<f* = 1 A a5<«* = S) ; 

HHane S ua a nojiynaeT eduHUUHym xapaKmepucmuKy. 

IV. H B nocjieflHioio onepeflb 9to onpe^ejieHHe 4)opMHpyeT aa- 
MUKawvu^ee ycAoeue pjiK S hsl a: 

EcjiH S - 3TO HyAeeasi MaTpHii;a na a h ee /];onycTHMbiii flHcce- 
MHHaTop 5 nonaflaeT b HeKOToptili MacHMajibHbiH 6jiok THna ry' 
HHJKe 

o6peMeHnTejibHbiH ^jia S na a, to ecTb ecjiH BbinojinaeTca 

HHxce a''^, Tor^a TpeSyeTca flonycTHMasi Sasa flaHHbix p ^Hcce- 
MHHaTopa 6 MaTpHLi,bi S Ha a, ho TOJibKO TaKaa, hto 

TaKHM o6pa30M, nofloGnbiH cjiynaii sampydHnem cymecTBenno hc- 
HOJibsoBaHHe TaKOH MaTpHH,bi S na a; KpoMe Toro, S na 
a flOJixcHa 6biTb nenoflaBjiena; bo Bcex flpyrnx cjiynasix HHKaKHx 
Tpe6oBaHHH Ha MaTpHii;y S na a He HaKjia/];MBaeTCH. 
Ho HanoMHHM, HTO 6a3a p = x*"*" h KajK^iaH edumiHuasi MaTpHH,a 
Bcci'^a ^oHycTHMbi H HenoflaBjieHbi; KajK^aa MaTpHii,a Hciio^aBjie- 
na fljia 7 ^ SINn b jik)6om cjiynae. 

Hocjie 3Toro oHpe/];ejieHHe 8.2 b neTBepTofi nacTH 4)opMHpyeT 

KOHT)IOHKH,HK) aK^^^ : 

<<-i (7, a^) A aK^^^i (a, ,5, 7, a, /9, 5) A a < ai 
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rfle /i,onojiHHTejibHO Tpe6yeTCH, kek o6biHHO, hto coxpanaeT 
Bce S'/A'^^^i-KapflHHajibi < 7 HHJKe ai; h, HaKoneii,, BOSHHKaeT 
4)opMyjia aK*^"!, nojiynaiomaaca h3 (jaopMyjibi aK^"i npnco- 
eflHHeHHeM Tpe6oBaHHH HenoflaBjieHHH nyjieBolt MaTpHii;bi S na 
a HHJKe ai. 

TaK KaK onpeflejienne 18.31 MaTpHHHoft a-4)yHKii;HH h conp- 
BOJKflaioiii,HX 4)yHKLi,HH cjieflyeT onpejejieHHio l8^ to BbinojiHHeTCH 
cjieflyiomaH OHeBHflHaa jieMMa, KOTopaa b fleftcTBHTejiBHOCTH no- 
BTopaeT 3TO onpeflejieHHe 8.2. Sflect HcnojibsyeTca noHSTHe co6- 
CTBeHHoro nopojK/];aK)mero flHcceMHHaTopa 6^ fljiH npoHSBOjiBHoft 
MaTpHii,bi S Ha HOCHTejie a, KOTopbift, nanoMHHM, HBjiaeTCH mh- 
HHMajiBHbiM flonycTHMbiM /];HcceMHHaTopoM Ha a c mhhh- 

MajibHOH flonycTHMOH 6a3oii = pi, pi = Od{S) (cm. [22], |17]). 

JieMMa 8.5 

Uycm'b S - npouaeoAbHasi a-Mampuv,a, pedyv,upoeaHHasi k 
X* u xapaKmepucmuKU a na HocumeAe a < ai, fl^onycTHMaa 
djiH 7^"^ BMecme c ee ducceMUHamopoM 5, npouaeodfrn^uM 
ducceMUHamopoM 6 c 6a30u p u nopoMcdaiovd^uM co6cmeeHHUM 
ducccMUHamopoM 6^ HUCHce ai, mozda Bar napdunaAa nped- 
CKauKa nocAe x* humcc ai eunoAHnemcfi: 

1) V7 < 7<"^(Sm„<°^(7) SIN<-\^)) ; 

2) X* < '5' < 7r < a* A 5 < p < x*+ A p = p ; 

3) 5 E SIN^"'^ n SIN^"^ [< p]; anaAozuHHo dnn 5; 

4) sup 5/iV<°* = A c/(a^) > x*+; 
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AVr" G ]Ti,T^] a</ = 1 A aS<"* = 5) ; 

6) a = ^ Vt{ , rf , r^, r^, r?' [7<,"* < ^ < 7<f ' A 

7) fi; (5^ <<5<^<7<"S- 

(ii) ecAU 6 amo MUHHMajibHbiH nAaeawiquu ducceMunarnop 

MampuiiiU S Ha a c MunuMaAbHou 6a30u p, donycmuMue dAsi 

7^"^ GMecme c p, mozda: 

a = 1 — ^ 5 = A p = = Api = Od{S), 

mo ecmt> Kosda S amo eduHUHHan Mampuv,a na a, mosda S 
3mo npouaeodnuifliu co6cmeeHHUu ducceMunamop Mampw^u 
S Ha a c 6a30u ; 

8) cymecmeyem MUHUMaAbHuu HocumeAb a' < J^^l Mampuvfii 

S mou otce xapaKmepucmuKU a, donycmuMue dAH 7^"^ eMecme 
c meMU otce ceouMU ampu6ymaMU 5, p Huotce ai: 

< «' < ir^l ; 

anaAozuHHo Bah HenodaeAeHHOcmu S Oah 7^ eMecme c meMU 
Mce ampu6ymaMU. 

JJoKosameAbcmeo. OcTguiocb flOKasaTb nocjie^HHe flea yTBepxc^e- 
hhh; BepxHHH HHfleKC < CKi nacTO Sy^eT onycKaTbca. 
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HTaK, paccMOTpHM MaTpHii,y S xapaKTepncTHKH a na ee hochtb- 
jie a < ai, flonycTHMyro fljia 7^"^ BMecTe c ee flHcceMHHaTopoM 

5 H 6a30H /3. yTBepjKfleHHe 7) (i) oHesHflHo; nepexo^a k 7) (ii) 
npeflnojiojKHM a = 1, Tor^a 6a3a 

p = = p^ = Od(S) 

BMeCTe C MHHHMajIbHblM /;HCCeMHHaTOpOM 

6^ G 5/iV<"'^ n SIN<^^[< p^] 

OHeBHflHO BbinOJIHHeT BCe Tpe6oBaHHH yCJIOBHH 

aK(a, 5"^, 7, a, p^ , S) 

BnjioTb flo nocjieflHero ee KOHtioHKTHBHoro Hjiena K*^. 

Ho nocjieflHee BbinojiHHeTCH TOJKe, TaK KaK ^jih a = 1 ero no- 

cbijiKa HapymaeTCH. 

TaKHM o6pa30M, bch cJjopMyjia aK BbinojiHHeTCH h 

06paiii,aHCb k /;oKa3aTejibCTBy 8) jierKO npHMeHHTb jieMMy 3.2 |29] 

06 orpaHHHeHHH, KaK 3to 6bijio cflejiano b flOKa3aTejibCTBe jieMMbi 
5.17 2) (ii) . OflHaKO nofloGnoe npHMeHenne cocTaBjiaeT THnHHHoe 
paccyjKfleHHe, KOTopoe 5yfleT Hcnojib30BaTbCH p^ajiee b pa3jiHHHbix 
BajKHbix cjiynaax, noBTOMy cjie^yeT npeflCTaBHTb ero ce6e b ^eia- 

JIHX. 

Bo-nepBbix, Bbime npenojiaraeTca, hto ai - npe/i;ejibHbm KapflH- 
Haji p^jin KJiacca SIN^^l (nanoMHHM TaK>Ke corjiameHHe nocjie 
(|7.ip ). nosTOMy 7^_|^j^ Bcer^a cymecTByeT flJiH KajK/;oro 7^"^. 
/],ajiee, npeflnojioJKHM, hto MaTpHii,a S c flHcceMHHaTopoM 5 h 
6a30H p Ha HOCHTejie 

a G ]7r"Sai[ 

flonycTHMbi fljiH 7^"^ HHJKe ai, Tor^a BbinojiHHeTCH cjieflyromee 
yTBepjKfleHHe (^(x*, (5, 7<"i , /), 5): 

3a' (7<"i < a' A aK(5, 7<"i , a', /), 5)) 
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HHJKe ai, TO ecTb nocjie ero <-orpaHHHeHHH Kap/;HHajioM ai. 
CaMO 3TO yTBepjKfleHHe ip coflepjKHTca b Kjiacce S„, TaK KaK oho 
BKjironaeT b ceGu S„-4)opMyjiy K^. Ho paccMOTpHM Kapflnnaji 

7r'^=sup{7<7r"^ :7eS/iV<"i}; 

no jieMMe 3.4 |29] 7^n Taxace npHHaflJiejKHT Kjiaccy SIN^'^^. 
Tenepb saMeHHM b dpopuyjie aK ee noflcjaopMyjiy Ai- 
4)opMyjioii 

Torfla S„-4)opMyjia aK npeoGpasyeTCH b neKOTopyio n„_2- 
(i)opMyjiy, KOTopyro o6o3HaHHM nepes aK.n-2- CooTBeTCTBen- 
Ho, (]3opMyjia (/? npeoGpasyeTCH b neKOTopyro S„_i-4)opMyjiy 

3a' (7<'^i < a' A aK„_2(5, 7r" , 7r , P, S)) 

B TOHHOCTH TOrO JKe COflepjKaHHH HHJKe ai, H n03T0My BbinOJIHa- 
eTCH 

¥'r2(x*,5,7r",7<"S/o,5). 
nocjie/];Hee npe/];jiojKeHHe coflepjKHT HHflHBH/];Hbie KOHCTaHTbi 

X*,(5,7r",7r 

CTporo MeHBinne 5/A'^^_^j'-KapflHHajia 7^^^ h, cjieflOBaTejibHO, 
3TOT KapflHHaji orpaHHHHBaeT bto npeflJiojKeHHe no jieMMe 3.2 |29] 
(rfle n saMeneno na n — 1), to ecTb BbinojinaeTCH yTBepjKflenne 

3a' € [7<"S7<+iM aK<^^(<5,7.",7<"S«',/^,5) 

H S nojiynaeT cboh nocHTejib a' G [7^"^ , 7^+i [i flonycTHMbiit 
7^"^ BMecTe c tbmh jkb flncceMnnaTopoM n 6a30H /;annbix. 



64 



FjiaBa II. Cneu^wajibHan reopna 



yTBepjK/i,eHHe 8) o Heno/i,aBjieHHOCTH He 5yfleT HcnojibsOBaTbca flo 
§11 H TaM Mbi BepneMCH k neMy em^e pas. 

H 

HeTpyflHO BHfleTb, hto BBefleHHbie b onpeflejieHHH 18.31 4)yHKii;HH 
o6jia/;aioT mhophmh npocTbiMH CBoitcTBaMH 5-(\yyHKU^'K& h ee co- 
npoBOJKflaromHX 4)yHKii;HH, nosTOMy flOKasaTejibCTBa cjie/];yK)iii,HX 
Tpex jieMM BnojiHe aHajiornHHbi flOKasaTejibCTBaM jibmm 17. 3| 17.41 
(hjih jieMM 5.16, 5.15 [29]) h jieMMbi [731 



JleMMa 8.6 

/^Asi ai < k (f)opMyjiu aK^^^, aK*^"i npunad/iecHcam Ai 
u noamoMy ece ^yHKi^uu us onpedeAenuH \8.^ 

Ai-onpedejiuMu Hepes x*;Cki- ai = A; (popMyna aK npu- 

HadAeoKum S^+i . 

H 



JleMMa 8.7 (06 a6cojiioTHocTH a-4)yHKii,HH) 

Ilycmb X* < 7r+i < "2 < "i < ^, 02 G SIN^'^^ u 

(7<°i + 1) n 5/Ar<°2 = (^<ai ^ p SIN<''\ 
1) mozda ua MHOotcecmee 



T={t': x*<lT<lr'''} 

donycmuMocmt huchcc paeHocuAbua donycmuMocmu Huoice 

dAH ecHKOso t' £ T u Mampuu,M S' ua ee HocumeAe 

aK<"2(^<"^a',5') o aK<°i(7,1"',a',5'); 
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2) Ha MHOMcecmee 

[r' : X* < iT' < 7<"^ A (g<"^ = 1 V -5/iV<"^(7<"^))} 

(pyHKii^uu ^8.^) HUMce = 02 moMcdecmeeHHO coenadmom co- 
omeemcmeeHHO c (fiyHKii^uHMU h8.'^) HUMce a" = ai. 

H 

JleMMa 8.8 (O /;HcceMHHaTope) 

1) Tlycmh 

(i) ]n,T2[Qdom{aSf"'), jr2^SIN<''^; 
(a) T3 e dom[aS'^"^) , r2 < ra; 
(tii) 5<"i < 7<"i n o<"i = 0. 

"t3 — 'Tl 

Ahgaozuhho dAH 5^"^ • 

2) Uycmh a-Mampu%a S xapaKmepucmuKU a na Hocume- 
ne a donycmuMa Bah 7^"^ eMccme c ee ducceMunamopoM 6 
u 6a30u p HUMce ai, mosda 

{t' : ^5 < 7<"i < 7<°i} C dom(a5<"i). 

/JoKaaameAbcmeo 1) HpeflCTOHmee paccyjKfleHHe anajiornHHO flo- 
KasaTejibCTBy jieMMbi 7.5 1), ho Tenepb neKOTopbie cneii;HajibHbie 
CBoficTBa /;HcceMHHaTopoB MaTpHii, e/i,HHHHHOH HjiH HyjieBOH xa- 

paKTepHCTHKH BbI3bIBaK)T OCo6bie oGcTOHTeJIbCTBa. rioBTOMy SfleCb 

cjieflyeT HcnojibsoBaTb cjieflyromnft apryMeHT, KOTopbift 5yfleT hc- 
nojibsOBaTbCH b flajiBHeftmeM b pasjiHHHbix THnnHHbix CHTyaii,HHx; 
BepxHHe HHfleKCbi < ai, <l ai 6y^T onycKaTbCH fljia KpaTKocTH. 
HpeflnojiojKHM, hto 1) HapymaeTca; paccMOTpHM MaTpHii,y 
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aSr^ xapaKTepHCTHKH = a^-g = na HOCHTejie a^-s c KapflH- 
HajioM npeflCKaHKa = afg, oGjiaflaromyro flHcceMHHaTopaMH 

5^ = dr^, 5^ = 5r.j C 6a30H p3 = yOj-g, H npeflnOJIOJKHM hto 

Jr,<S^<7r,. (8.3) 

3/i,ecb cjieflyeT HMeTb BBapj MHHHMajibHbiii opfl^anaji ti, Bbinoji- 
HHromnlt ycjioBHe (i). 

rio onpeflejieHHK) 18.31 BbinojiHHeTCH yTBejKfleHne aK a nosTOMy 
BbinojiHHeTCH yTBejKfleHHe K*^: 

a3 = ^ Vr(, Ti", r' r' 7?' < k^"' <6^< 7<°' A 

L Tj^ Tg 

A<^^-'(t{ , r(', r^, r^, r?', a5<°', af ^ r?' < v p3 = ^*+] . 

ripeflnojiojKHM, HTO cymecTByioT op/];HHajibi t[,t" ,T2,t^,i]' < a^, 
BbinojiHHK)m,He nocbiJiKy SToro yTBepjKfleHHH: 

7<f ' < < 7<f ' A Ar<°^(r^,r^^r^,r^,,?^a5<°^a<°') . (8.4) 

CjieflyeT OTMeTHTb CHOBa, hto 6jiaro/;apH A^^^^"'^ 3th op/;HHa- 
jibi onpeflejiHK)TCH nepes 6'^,a^ eduncmeeHHUM o6pa30M. Tax KaK 

7-r2 G SINn H 7,-^ MHHHMajieH, TO MOJKHO BKflfiTb, HTO H3 npefl- 

nojioJKeHHH (18. 3 p cjie^yeT 

7r{ < = 53 < 7., (8.5) 

KaK pesyjiBTaT MHHHMHsai^HH /;HcceMHHaTopa (^^-3 b HHTepBajie 
[7^|,7^2[ corjiacHO onpeflejieHHK) 8.3. Tenept mbi upuxofl^au k ch- 
Tyaii;HH h3 flOKasaTejibCTBa jieMMbi 7.5 1) h ocTaeTCH noBTopHTb 
ero apryMeHTbi, to ecTb HcnojibsOBaTb <_-MHHHMajibHyro MaTpn- 
ii,y 5"" < S"^ Ha HeKOTopoM HocHTejie a"^ £]7r3 5«^[ xapaKTe- 
pHCTHKH a™, flonycTHMyro h Heno/i,aBjieHHyK) 7T-g bmbctb 
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CO CBOHM MHHHMajIbHMM flHCCeMHHaTOpOM (5™ < 'Jr2 ^ 6a30it 

pTn ^ Od{S'^), noTOMy hto noflaBjieHHOCTb MaTpHii,bi S"^ flJiH 
7-7-3 BjieneT noflaBjieHHOCTb caMoft MaTpHii;bi flJiH 77-3, xoth 
OHa HenoflaBjiena no onpe/;ejieHHK) (hh^kc ai). 
3to Bbi3biBaeT npoTHBopenne: Tax KaK 5*" < h = 0, to 
no onpeiiejieHHio l8.3l MaTpHiia 5'^ ne mojkgt 6biTb MnnnMajitntiM 
snanenneM aSr^ ■ 

EcjiH JKe TaKHX op^nnajioB t{, r{', Tg, Tg, 77' neT, to yTBep>K/];e- 
nne K" oneBH/;no coxpanaeTca npn MHnHMH3an,Hn flncceMnnaTO- 
pa 5r^ B [7t-j , 7t-2 [ H Torfla Sr^^ < , nnane cnoBa BbinojinaeTCH 
7^^ < Sr:j = (5t3 < 7t2 h npeJKnee paccyjKflenne BbiBbiBaeT npejK- 
nee npoTHBopenne. 

06pani,aHCb k yTBep^Kflennro 2 cjie^yeT npocTO saMeTnTb, hto 
3TO yTBepjKflenne noBTopaeT npefluiecTByromne jieMMbi 5.17 2) 
|29] . 7.5 2) B cjiepjiouiea 4)opMe: 

MaTpHn;a 5, flonycTHMaa fljia 7,- na ee nocHTejie ar, no jieMMe 
18.51 8) H onpe/;ejienHio 18.21 ocTaeTCH flonycTHMon n nenoflaBjiennoit 
fljiH BCHKoro ^T-i < 7^1 TaKoro, hto 6 < 7,-', BMecTe c tbmh 
jKe conpoBOJKflaron^HMH opflnnajiaMH a, 6, p, a. J^Jisi eflnnnnnon 
xapaKTepncTHKH a = 1 3to oneBH^no; flJiH a = 3Ta jieMMa 
6yfleT HcnojibsOBaTbca tojibko b §11 h TaM mbi BepneMca k ee pp- 
KasaTejibCTBy, nsjio^KennoMy 6ojiee noflpo6no. H 

Cjieflyion^ne jieMMbi noflTBepjKflaroT /i,ajii.neHmee pacnpocTpa- 
nenne Teopnn 5-4)ynKn;HH na a-4)ynKn,HH n anajiornnnbi jibm- 
MaM 7.6, 7.7 06 onpeflejiennocTH (5-4)yKn;nH na saKjironnTejibnoM 
nnTepBajie ne^ocTnjKnMoro Kap^nnajia k. 

PlTaK, cjie/;yK)ni,aH JieMMa noKaatiBaeT, hto cyni,ecTByeT Kap/;nnaji 

6 < k TaKOH, HTO 

{t : S < < k} Q dom{aSf); 

6ojiee Tonno: 



68 



FjiaBa II. Cneu^wajibHan reopna 



JleMMa 8.9 (06 onpeflejieHHocTH a-(\yyHKu,aa) 

Cymecmeywm opdunajiu S < ^ < k maKue, umo djiR KaMcdozo 
S I Nn-KapduHaAa ai > 7, qi < k, npedcAbHozo Bah SINn D ai, 
(f)yHKV,un OiS^"^ onpedeAena na HenycmoM MHOMcecmee 

= {r : ,5 < 7<"i < ai}. 

MuHUMaAbHuu U3 maKux opdunaAoe 6 o6o3HaHaemcH uepea a6* , 
CAedyK)m,uu sa hum e SINn napdunaA - uepes a6*^ ; mancHce 
eeodnmcH CAedyminue coomeemcmeymtnue opdunaAu: 

arl = T{a6*), ar*"^ = T(a5*^), 

maK umo a6* = jar*, ct^*^ = 7or*i) 

*1 <Q!lJi *1 <Ol 

/^OKasameAticmeo coctoht b npHMeneHHH jieMMbi 6.14 [5^], KaK 
3TO 6biJio cflejiaHO b flOKasaTejibCTBe jicmmbi 7.6, ho ^jih 6oAbmezo 
peflyLi,Hpyion];ero Kapflnnajia 

X = (x*)^'^" ^ ai = k, m = n + 1. 
HojiyHaromyiocH 4)yHKLi;HK) 21, onpeflejieHHyio na HCKOTopoM neny- 

CTOM MHOJKeCTBe 

T = {t :-fro <1t < k}, 
HyjKHo paccMOTpeTb cjieflyromHM oGpasoM: 

PaccMOTpHM corjiacHo jieMMe 6.14 |29) MaTpHu;y Sl = 2t(r), pe- 
flyii,HpoBaHHyio k KapflHHajiy x = (x*)'^^" Ha HOCHTejie > 7t; 
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OHa HMeeT /];onycTHMMii npoH3BO/;Hiii,HH coGcTBeHHbiii fl^acceMana- 

TOp < 7t- C 6a30H > Sl- MoJKHO BHfleTb, HTO p},. > x*^ 

H no3TOMy 6^ mo^kbt Gmtb paccMOTpen KaK flonycTHMbift flHcce- 
MHHaTop fljiH si Ha c 6a30H x*"*". 
Tenepb oGpaTHMca k KapflHHajiy npe^cKaHKa 

a' = al^; 

no TOH me jieMMe cf{a^) > x*^ h mojkho BBecTH MaTpHii,y S'^ 
pedyv^upoeaHHyto k x* ^ o6jia/;aioiii,yio tbm JKe KapflHHajioM npe/i;- 
CKaHKa CKaHKa h nosTOMy TeM JKe flHcceMHHaTopoM 6^. c Toit 
jKe 6a30H x*~^ > Hcnojib3yH jieMMy 5.12 |29] cjieflyioii],HM oGpasoM: 
EcjiH BbinojiHHeTCH yTBepjKfleHHe 

3aG[a^,a^[ a{x*,a), (8.6) 

Torfla nycTb Sy^eT MaTpHii,a, pe^yi^HpoBaHHaH k x* Ha 

MHHHMajiBHOM HOCHTejie H nopojKfleHHaa KapflnnajioM a^, 

TaK HTO O"*^ = (KaK 3TO Gbijio cflejiaHO B /;oKa3aTejibCTBe 

jieMMbi 6.12 |29| c KapflnnajioM ao, nrpaiomeM 3flecb pojit ). 
B npoTHBHOM cjiynae, Kor^a (18. 6p napymaeTCH, mojkho BH^eTb, 
HTO TaK KaK yTBepjKfleHHe jieMMbi 5.12 [29j coxpaHHeTCH HHJKe a^, 
TO MaTpHii,a coxpaHHeT Kap/i,HHaji npe^cKaHKa ai (h, 3HaHHT, 
coxpanaeT a^), to ecTb oh coxpaHHeTCH (ocTaeTCH Kap/;HHajioM 
HpeflCKaHKa) npn peflyH,HpoBaHHH MaTpHH,bi 5^ na nocHTejie a]. 
K KapflHHajiy x*] nosTOMy mbi mojkbm onpeflejiHTb cjieflyromyro 
MaTpHu;y (cm. onpeflejieHHH 4.1, 5.1, 5.5 [29]) 

^ S^'"^"'Tx* na Hocumejie al = sup dom(Sr^"'Tx*) • 

3Ta MaTpHii,a - CHHryjiapnaH na HOCHTejie a^: ycjioBHH 1), 3) 
onpeflejieHHH CHHryjiapnocTH 5.7 [29j OHeBHflHO BbinojinaroTCH, a 
ycjioBHe 2) mojkho ycTanoBHTb c noMombro pacui,enAHK)iu,eso Me- 
moda, noBTopHH /;ocjiobho apryMeHT h3 flaKa3aTejibCTBa jieMMbi 
5.12 [29] (rfle ai, x 3aMeHHK)TCH na a^, x* cooTBeTCTBenno) . 
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B JiK)6oM cjiynae = Ur h S'^ OKaatiBaeTCH /;onycTHMOH na 
fljiH 7t- BMecTe c tbm JKe flHcceMHHaTopoM h ero 6a30H 
X*"^, TaK KaK Bce ycjioBHS yTBepxcfleHHa K*^ h3 onpeflejieHHa 

18.21 OHeBHflHO BbinOJIHHK)TCH KOFfla p = X*~^ ■ TOHHO TaKJKB Ta- 

Kaa MaTpHii,a 5^ na HOCHTejie HenoflaBjiena 6jiaroflapH 6a3e 
p = x*^- Ona MOJKeT 6biTb eflHHHHHoii hjih nyjieBoft, ho b jiio- 
6oM cjiynae cymecTByeT neKOTopaa a-MaTpHii,a, peflyi^HpoBaHHaa 
K x*i flonycTHMaa h HenoflaBjieHHaa fljia 7,- BMecTe co cbohmh 
aTpnGyTaMH. 

Tenepb nyjKHO bshtb jiioGoA /;ocTaTOHHO Gojibuioh Kap/i,HHaji 7 
TaKOH, HTO flJiH BCHKoro 7^- > 7 cymecTByeT HeKOTopaa MaTpHii,a 
5^ c 6a30H p = x*~^'i OHa flonycTHMa h HenoflaBjiena fljia 7,- 
HHJKe «! fljiH KajKfloro ai G SINn, ai > 7, ai < /c, no onpe- 
flejieHHK). 

TaKHM o6pa30M, nocjie MHHHMH3aii,HH TaKHX nojiynaromnxcH MaT- 
pHU, H Hx aTpnGyTOB cjiepja onpejejieHHio l8l3] B03HHKaeT 4)yHKii;HH 
aS^"^ H ee conpoBOJKflaromne opflHHajibHbie 4)yHKii;HH, onpe^e- 
jieHHbie Ha T^^ fljia bchkofo ai G SINn, ai > 7. 

H 

B 3aKjiK)HeHHe 3Toro pa3flejia npHMenaa MCTOfl flOKa3aTejibCTBa 
jieMMbi 17.71 ycTanaBjiHBaeTCH 

JleMMa 8.10 

a6* G 5/A^„ n SIN<f^'[< ap*^]. 

floKasamcA'bcmeo. By^eM Hcnojib30BaTb o6o3HaHeHHH h3 ivpejxiA- 
flymeft jieMMbi 18.91 

CnaHajia nanHHaeT flelicTBOBaTb paccyjKfleHne h3 flOKa3aTejibCTBa 
jieMMbi 17. 7| paccMaTpHBaa flHcceMHHaTop ^^t*! 5a3ofi ap*^ 
MaTpHLi,bi aS^^*i Ha HOCHTejie a^^^.i c KapflHHajioM npeflCKaHKa 
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a = a ^1 . TaK kek 

a6*^ G SINn, 5^^,i < ad*^ 

G 5/iV<"" n SIN<f,'[< ap*'], 

TO jieMMa 3.8 BjieneT 6^^*! G SINn- 

Tenepb npeflnojio>KHM, hto 3Ta jieMMa |8 . 1 1 HesepHa : 

aS* i SINn, 

Torfla 

(5aT*l < 0:6* = "far*- 

Bjiaro/];apH jieMMe 3.2 [29j mojkho orpaHHHHTb E„_i-yTBepjKfleHHe 
o cymecTBOsaHHH HOCHTejia MaTpHii,bi aSaT*^, flonycTHMOM bmb- 
CTe c TeMH JKe ap*^, HMeiomHMca S'/iV„_i-KapflHHajioM 

jaT*+i, KaK 3TO 6mjio c/;ejiaHO b flOKaaaTejibCTBe jieMMbi 1831 8) . 
Tor/;a MaTpHii,a aS^^^ti nojiynaeT CHOBa HeKOTopbift cboh hoch- 
Tejib 

flOnyCTHMblH flJIH 7q,t-*i BMeCTe C TeMH JKe flHCCeMHHaTOpOM H 

6a30H flaHHbix. 

Ho 6jiaroflapa MHHHMajibHOCTH ar^ BbinojinaeTCH 

arl ^ dom{aSf). 

3to MOJKeT 6i.iTb TOjiBKO KOFfl^a MaTpHii,a aS^*i Ha a' /;oHycTHMa, 
HO HOflaBjiena fljia 'Jar*', b cbok) onepeflb ecjiH 3to mojkbt Gbitb, 
TO TOJIBKO Korfla 

a6* = Jar* G SINn, 
BOHpeKH HpeflHOJIOJKeHHK). 

Hto KacaeTCH ocTaBnieftca nacTH JieMMbi: 

a5* G SIN<''''[< ap*^], 

TO OHa He HCHOJibsyeTCH b flajibHeltHieM bhjiotb flo §11 h HOSTOMy 
Mbi Mbi BepneMCH k hbh b §11 . H 
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9 AnajiHS mohotohhocth a-4)yHKLi,HH 

B 3T0M pa3flejie nepsaH cocTaBjiHroni;aH Tpe6yeMoro npoTHBO- 

peHHH - MOHOTOHHOCTb a-4)yHKII,HH - HCCJieflyeTCH B paSJIHHHblX 

BajKHbix cjiynaax. 

KaK Mbl yBHflHM, 3TO CBOHCTBO flOBOJIBHO CHJIBHOe; B HaCTHO- 
CTH BCHKHH HHTepBajI [ti , T2 [ MOHOTOHHOCTH TaKOH 4)yHKH,HH He 
MOJKeT 6bITb "CJIHHIKOM flJIHHHbIM", - COOTBeTCTByK)ni,HH HHTepBajI 

j^^^,')/^^! He MOJKeT coflepjKaTb HHKaKHX S'/A'^fi-KapflHHajioB, h 
ecjiH 7t-2 G SINn, TO TaKaa 4)yHKu;HH HOJiynaeT neKOTopbie ho- 
CTOHHHbie xapaKTepHCTHKH H cma6uAU3upyemcn na TaKOM [ri , T2 [. 
Mbi HaHHHaeM c Hocjie/;HeH CHTyau,HH CTa6HjiH3au,HH: 

OnpeflejieHHe 9.1 

0yHKU,uji aS^"^ HasueaemcH MOHomoHHOu na unmepeaAe 
[ti,T2[ u Ha coomeemcmeymineM unmepeaAe [7^"^,7^"^[ HUCHce 
ai, ecAU Ti + 1 < r2, ]ti,T2[ dom{aS'^'^^) u 

W,T"{n <t'< t" <T2^ aS<'''<aS<n ■ 

H 

^toGm OHepnpoBaTb bthm HOHHTHeM, yflo6HO HCHOjibsoBaTb cjie- 
flyiOHi,He Ai-4)opMyjibi, KOToptie 5yflyT nrpaTb ocHOBHyio pojib b 
3TOM pasflejie: 

^0^"^(x,ri,r2,a5;"^): 

Ao"^(x,ri,r2,a5;"i) A VT',r"(Ti < r' < r" < T2 ^ 

^aSf'''{T')<aSf'''{T")); 

TaKHM o6pa30M, sflecb yTBepjKflaeTca, hto 4)yHKH,HH aS^"'^ onpe- 
flejiena Ha HHTepBajie ]ri, T2[, o6jiaflaioni;HM cbohctbom Aq (na- 
HOMHHM OHpejejieHHe [8?T] 1.0 ), h 6ojiee Toro - ona MOHOTonna na 
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HHTepsajie [ti , T2 [ ; nosTOMy mm GypfiM HasMsaTb ero a coot- 
BeTCTByiomHH HHTepsaji [7t-i , [ UHmepeaAaMU MOHomoHHOcmu 
4)yHKii,HH a5j ; 

^S^"^(x,ri,r2,a5<"^) A 37^(7' = 7.. A 5/iV<"K7')); 

flajiee CHMBOJibi 4)yHKu;HH OiS"^"^^ Sy^yT onycKaTbca b TaKHX 060- 
SHaHeHHHX (ecjiH OHa 6yfleT noflpasyMeBaTbCH b KOHTeKCTe ). 

Tenepb emfi He Bce totobo ^jih flOKasaTejibCTBa (TOTajibHolt) 

MOHOTOHHOCTH (33yHKU;HH aSf - BTOpOrO KOMHOHeHTa SaKJIIOHH- 

TejiBHoro npoTHBopeHHH - HO HeKOTopbie ee cJjparMeHTbi oneBHfl- 
Hbi aHajiorHHHO jieMMaM 5.17 1) [29j, 17.91 HanpHMep, h3 jieMMbi 
3.2 [29] HenocpeflCTBeHHo cjieflyeT 



JleMMa 9.2 (O mohotohhocth a-4)yHKH,HH) 
IJycmb 

n <T2, a<"l = 1 , J<°1 <Jr„ 

moada 

a5<"i< a5<"\ a<"i = 1. 
AnajiozuHHO dnn nyAeeou xapaKmepucmuKU alp^^ = a^"^ = 0. 

H 



JleMMa 9.3 (O cTa6HJiH3au;HH a-4)yHKu;HH) 
Tlycm'b 

(i) aS"^^^ MOHomoHHa Ha [ti,T2[ humcb ai: 

(ii) 7^"^ 91710 HacAednuK e SIN^°'^. 

Togda (f}yHKV,un aS^°'^ cma6uAU3upyemcji na [ti,T2[, mo ecmb 
cymecmeymm u To€]ri,r2[ maKue, umo 
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Vre[ro,r2[ a5<"i = 5". 

HauMCHbrnuu us maKux opdunaAoe tq HaaueaemcH op/jHHajioM 
CTa6HjiH3ai^HH (pyHKv,uu aS^°'^ Bah T2 humce ai u o6o3HaHa- 

s<ai 

emcn uepes 

floKasameAhcmeo CHOsa npe/i,CTaBjiHeT co6oh THnHHHoe npHMene- 
HHe jieMMbi 3.2 |29) : mbi 6yfleM onycKaTb BepxHHe HHfleKCbi < ai, 
<] ai. HpeflnojiojKHM, hto 3Ta jieMMa HesepHa; paccMOTpHM op- 
flHHaji 

/o'' = sxi\){Od{aSr) : Ti < r < T2}. 

Mbi 5yfleM npHMenaTb MeTOfl paccyjKfleHHH, HcnojibsOBaHHbilt bbi- 
me B flOKasaTejibCTBe jieMMbi l83] 8): BBe^eM fljia 3Toro Kapflnnajibi 

7^-" = sup{7 < 7^-2 : 7 e SINn}] 

^^1,2 = max{7^i,7^n}- 

3aTeM cjieflyeT noBTopHTb onpeflejienne 18.31 MaTpHHHoft 4)yHKii;HH 
aSf H conpoBOJKflaromnx ero opflHHajibHbix 4)yHKii,HH HHJKe a\ 
Ha MHOJKecTBe 

= ^rl, <lr< Ol}, (9.1) 

HO coxpaHHH moAbKO S I Nn'KapduHaAU < 7t-^; 3TO MOJKHO cp,e- 
jiaTb cjie/;yK)ni,HM oGpasoM: 
OnpenejieHHe [8731 6a3HpyeTcg na cJaopMyjie 

aK*{a,6,-/r,a,p,S) (9.2) 

HHJKe «! (cm. onpejejieHHe [ST^ 4) ), KOTopaa osHanaeT, nanoM- 
HHM, HTo S 3TO a-MaTpHii;a Ha ee HocHTejie a xapaKTepncTHKH 
a c /;HcceMHHaTopoM S h Gasoii p, flflnycTauaa fl^Jia h, 
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6ojiee Toro, Heno/;aBJieHHaH na btom a flJiH HHJKe ai; ho 
TaK KaK fljiH KajKfloro r G ^7^"^ BbinojiHHeTCH 7,- ^ SINn, to 

ycjioBHe HenoflaBjieHHH "'^5''^ b aK* TpHBHajibHO BbinojiHHeT- 
CH H MOJKeT 6biTb onymeHO, a Tor^a aK* TpanccjaopMHpyeTCH b 
4)opMyjiy aK. 

3Ta nocjieflHHH cjaopMyjia othochtch k Kjiaccy S„, noTOMy hto 
OHa BKjiioHaeT b ceGsi S„-4)opMyjiy K^. Ho paccMOTpHM Kap/;H- 
Haji 7t-^ h saMeHHM b cJaopMyjie (|9.2p ee nocJaopMyjiy K^ Ai- 
4)opMyjioH 

Torfla S„-4)opMyjia (|9.2p npeoGpaayeTCH b neKOTopyro n„_2- 
4)opMyjiy, KOTopyio 5yfleM oGosHanaTb nepes 

a;K*^_2(a,(5,7^,a,p, 5). 

TaKHM o6pa30M MaTpHHHaa 4)yHKii,Ha, onpeflejieHHaa na MHOJKe- 
cTBe T"„^ (|9.ip KaK b onpe/i;ejieHHH 18. 3| ho nocpe^cTBOM 4>opMyjibi 

(19. 2p saMeneHHOH na aK*^2j ohcbhaho coBna^aeT c cJayHKi^Hefi 
aS'j Ha HHTepBajie ]t"2,t"2[; mbi 6yfleM oGosHanaTb 3Ty nocjiefl- 
HK)K) 4)yHKLi,HK) Hepes aS'j. 

/],ajiee, TaK KaK 3Ta aS| MOHOTOHna na on ]rf2) T2[; ho ne CTa- 
6HjiH3HpyeTCH Ha 3TOM HHTepBajie, TO opflHHaji pq - npedeAbHuu 
H no3TOMy BbinojiHHeTCH cjieflyromee npefljioJKeHne HHJKe 7^-3: 

Vr <T ^3S {S = aSlAS < . 
Oho MOJKeT 6biTb ccJiopMyjinpoBano b n^-cJjopMe: 



,7 ,7 



7ri"2 < 7' = 7r < 7" = 7r+l 



(^35,a,p < 7"35 < p (aK;i_2(l,5,7',a,p,5) < p°)v 

(9.3) 
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y(36,a,p < 'y"3S < p aK*^_2{0,S,j' ,a, p, S) A S < p°A 
aW, a', p' < j"yS' < p' ^aKll^il, 6',^', a', p' , S') 



Tenepb BOSHHKaeT npoTHBopeHHe: 

C oflHOH CTopoHbi, S'/A'^^-KapflHHaji 7t-2 npoflOJiJKaeT yTBepjKfle- 
HHe (19. 3p flo «! H B pesyjiBTaTe BOSHHKaeT MUHUMaAhuaH MaT- 
pHii;a aS].^ < p^ . 

Ho cflpyroH CTopoHbi p^ - 3to npe/i,ejibHbiH op/];HHaji h nosTOMy 
cymecTByeT 

''""3 ^]''"i^2' ''"2[ maKou, umo aSlri^>aSl^. 
rioBTOMy HHJKe 7t-2 BbinojiHHeTCH cjieflyromee npefljioJKeHne: 

Oho TOJKe mojkbt Gbitb ccJaopMyjinpoBano b n„-4)opMe: 



,7 >7 



7ri"3 < 7' = 7r < 7" = 7r+l 



V(5, a, p < 7" V5 < p(aK;i_2(l, 5, 7', «, p, S) ^ a^^ <S)a 

AV(5,a,p< 7" V5 < p(aK;l_2(0,5,7',a,/o,5)A (9.4) 
AVy, a', p' < 7" < /9'-qK;1„2(1, a', p\ S') ^ 



aS].^ < S 



KOTopoe 7t-2 npoflOJiJKaeT pfl ai h nosTOMy 

qS'^2 < "'S'r2 • 
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HanoMHHM, HTO CHMBOJibi ti", X*) oSj"^, B HanHca- 

HHHX 4)opMyji MoryT HacTO onycKaTbCH flJiH coKpaiii,eHHH aannceit. 
KpoMe Toro, ycjioBne SKBHHHcJjopMaTHBHOCTH yl|(ai) 

X* < ai A ^<"^(x*) = ||Oa)ll A 5/iV„_2(ai)A 

A V7 < ai37i E [7,Qi[ 5/iV<"H7i) 

Bcerfla HaKJia/;biBaeTCH na orpaHHHHBaromHe Kap/;HHajibi ai. 

CTa6HJIH3aLl,HOHHOe CBOHCTBO Hpe3BbIHaHHO CymeCTBeHHO flJIH 

flajiBHeftmero; 6ojiee Toro, OKasbiBaeTca, hto anajiornHHoe cboh- 
CTBO BOSHHKaeT y xapaKTepncTHHecKOH cJjyHKi^HH, nrparomee fla- 
jiee KjironeByio pojib - 

ycjiojKHHH onpeflejieHHbiM oGpasoM /;oKa3aTejibCTBO JieMMbi [9^ Moac- 
Ho flOKasaTb anajiornHHoe xapaKTepncTHHecKoe cbohctbo: 

JleMMa 9.4 (O CTa6HjiH3aii;HH xapaKTepncTHKn) 
Ilycmb 

(ii) Vr<T2 3T'G[T,r2[ a<"i = 1; 
Tozda 

Vr'G]Ti,r2[ a<°i = l. 

5 manoM cjiyuae mu 6ydeM zoeopumb, umo eduHUHnan xapaKme- 
pucmuKa CTna6uAU3upyemcji Ha [ti,T2[ humcc qi. 
AnajiozuHHO dnn uyAeeou xapaKmepucmuKU. 
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floKasameAbcmeo npoBOflHTCH HH/;yKLi,HeH no (ai,T2) (nanoM- 

HHM, HTO MHOJKecTBO TEKHX nap paccMaTpHBaeTCH KaK Kanonnne- 

CKH ynopHflonennoe KaK n panee, c ai KaK nepBbiM KOMnonenTOM 

H T2 BTopbiM). ripeflnojiojKHM, HTO 3Ta napa - MnnHMajibnaa na- 

pyniaK)ni,aH STy jieMMy. HeTpy/;no BH^eTb, hto 7^°^ HBJiaeTCH 

nacjieflnHKOM b Kjiacce SIN^"^^ ; HMenno btot cjiynan ncnojibsy- 

eTCH B flajibnennieM. HanoMnnM, hto flJiH KajKflon MaTpHu;bi e/i;H- 

nnnnoH xapaKTepncTHKH na ee nocHTejie n KajKfloro 7,- ^ SINn 

.5,0 

ycjioBHe neno/;aBjienHH "i^s TpHBnajibno BbinojinaeTCH n mojkbt 
6biTi. onyni,eno; TaKHM o6pa30M fljiH eflnnnnnon xapaKTepncTHKH 
a = 1 4)opMyjia aK*^"^ SKBHBajienTna aK^"^; Bepxnne nn- 
fleKCbi < ai, < «! 5yflyT onycKaTbCH fljiH KpaTKOCTH. 
Corjiacno npeflbiflyn^en JieMMe cyni,ecTByeT CTa6HjiH3an;HonnbiH op- 
flHHaji t| 4)yHKu,HH aS/ na [Ti,r2[ n MaTpnn,a TaKne, hto 

'^re[T^,T2[ aSr = S^. 

Ho ycjioBnro cyn;ecTByeT MnnnMajibntin opflnnaji t"^ G [''"li'^ai 
TaKoit, HTO a^i = 1. /],ajibneHniee paccyjKflenne pasflejiaeTCH na 
flBe HacTH: 

1. Cnanajia flOKajKeM, hto Vt € [r^,r2[ Or = 1- 
^onycTnM bto neBepno, Tor/i,a cyn^ecTByeT MnnnMajibntin opfln- 
naji G]''"^,T2[ flJiH KOToporo a^o = 0; TaK hto a,- = 1 on 
[r"'^,r'^[ (mojkho saMeTHTb KCTaTH, hto sflecb MaTpHn,a na 
pasnbix nocnTejiHX mojkbt o6jiaflaTb pasnbiMn xapaKTepncTnKa- 
mh). PaccMOTpHM cjie/i,yK)ni,ne noflcjiynan fljiH 

5° = a5^o , 5^ = (5t-o , a'' = o^q : 

la. (5° ^ 5/7V„. TaK KaK 7^^ G S'/iV„, to jieMMa 3.8 1) [25] 
BjieneT 

7n < <5° G (5/iV<°° - 5IiV„) 
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H MOJKHO HCnOJIbSOBaTb KapflHHajI 

7^2 = min (^SIN<°'° - 5I7V„) . 

Bjiaroflapa jieMMe 3.8 |29) neTpyflHO BnpfiTb, hto 7^2 STOHacAednuK 
5/iV<" HeKOToporo Kap^HHajia 

H c]3yHKLi,HH oSj"" MOHOTOHHa Ha HHTepsajie [r^,T^[ . TaK 
KaK a,- = 1 Ha [r-'^,T'^[, to jieMMa 3.2 |29| BjieneT, hto HHTep- 

Bajl ]7t-i,7^2[ COflepjKHT /;OHyCTHMi.ie HOCHTeJIH MaTpHU, e/I,HHHH- 

Hofi xapaKTepHCTHKH, pacHOjiojKeHHbie KOHcfiuHajibHO KapflHHajiy 
7^2 , noTOMy HTO SIN^" -Kapflnnaji 7^2 orpaHHHHBaeT 
yTBepjKfleHHe o cymecTBOBaHHH TaKHX HOCHTejieft. ITocjie SToro 
KapflHHaji 7^2 npodoAJfcaem e/;HHHHHyio xapaKTepncTHKy flo oq , 

H TaKHM o6pa30M Ha CTaHOBHTCH e/;HHHHHOH MaTpHu;eH 

BOHpeKH HpeflHOJIOJKeHHK). 

MeTOfl 3Toro apryMeHTa coctoht b orpaHHHeHHHX h npoflOJiJKeHH- 
ax, HpHMenaeMbix ho onepe^H, HOSTOMy mbi 5yfleM nasbiBaTb ero 
MeTOflOM ozpaHuueHUR-u-npodojiMceHUH. Oh 6yfleT nacTo hchojib- 
soBaTbCH B flajiBHeitmeM b pasHooGpasHbix thhhhhbix cHTyau;Hiix, 
H03T0My ceHHac cjieflyeT ocTanoBHTbCH na hSm HOflpoGnee: 

PaCCMOTpHM HpOHSBOJIBHblH KapflHHajI 7 < ^j-^] HMeeTCH eflHHHH- 

Haa MaTpHH,a na nexoTopoM HOCHTejie a > 7 h ona ocTaeTca 
eflHHHHHOH HHJKe 6jiaroflapH jieMMe lSTl oG a6cojiioTHocTH. 3a- 
TeM paccyjKfleHHe nepexoflHT k CHTyaii,HH HHJKe OHeBHflHO, 
BbinojiHHeTCH yTBepjKfleHHe HHJKe oP: 

3(5, 7^, a, p (7 < 7^ AaK(l,(5,7r,a,p, 5°)), 

OHO OTHOCHTCH S„ H CO/;epjKHT TOJIBKO KOHCTaHTbl 



X*, 7<7r2, <7r2- 
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HoBTOMy n„-KapflHHaji 7^-3 HHJKe ao orpaHHHHBaeT ero no 
jieMMe 3.2 [29], to ecTt oho BbinojinaeTCH nocjie ero orpaHHHeHHH 
xapflHHajioM 7^2: 

36, 7<^^' ,a,p< 7,2 (7 < 7<^-' A aK-'-'r^ (1, s, 7<^-' , a, p, 5°)) . 

Ho sflecb BepxHHe HHfleKCbi < 7^2 , < 7^2 mojkho onycTHTb 6jiaro- 
flapH n^" -cyGnefloCTHJKHMOCTH Kapflnnajia 7^2 h b pesyjibTaTe 
3/i,ecb noHBjiHioTca flonycTHMbie HocHTejiH 

a e ]7,7t2[ 

MaTpHii,bi eduHUHHOu xapaKTepncTHKH HHJKe flJiH npoHS- 

BOJIBHOrO 7 < 7t-2. 

Torfla no HHflyKTHBHOH rnnoTeae a,- = 1 na ]ri,r^[, n nnjKe 7^2 
BbinojiHHeTCH yTBepjKflenne 

Vr (7^3 < 7^ — > ar = l) 

KOTopoe MOJKeT 6biTb ccJjopMyjinpoBano b n„-4)opMe: 



V7(7r3 <7A5/iV„-i(7) 

36, a, p, s(5/iV<"" (7,3) A qK;^+i (1, <5, 7, a, p, 5)) ) . 



Kapflnnaji 7^2 € SIN^" npoflOJBKaeT 3to npefljioJKenne flo a° 
H HHJKe noHBjiaeTCH MaTpHn,a eflHHHHHon xapaKTepncTHKH na 
neKOTopoM nocHTejie G ]7^o,a'^[, flonycTHMaa BMecTe co cbohm 
flHcceMHnaTopoM < 7^-0 n ero 6a30H fljiH 7^-0. 
TaKHM o6pa30M, a^-Q = 1 BonpeKH npe^nojiojKennK), n mbi nepe- 
xoflHM K cjieflyion],eMy noflCJiynaio: 
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lb. 5^ E SINn- TaK KaK a,- = 1 na [t"^,t°[, to cymecTsyeT 
MaTpHii,a 

= aS^i,o Ha HocumeAe a^i.o G [5'^,7^o[ 

eduHUHHOu xapaKmepucmuKU a^i.o = 1 a mojkho paccMOTpeTb 
CHTyaLi,HK) HHJKe a^'^ = a^i^ cjieflyromHM o6pa30M. 
HpeflCToamee paccyjKfleHne npHMenaeTCH flajiee He o^hh pas, no- 

3TOMy HyjKHO OCTaHOBHTbCH Ha HeM BHHMaTejIbHee. 

HaHHeM c MaTpHU,M na on 0^-0- no jieMMe [8751 5) HyjieBaa 

xapaKTepHCTHKa MaTpHii,i.i na a^o snanaeT, hto BbinojiHHeTCH 



A 



AVr" E ]r[,T^] a<f = 1 A aS<r° = 5°) . 



(9.5) 



HosTOMy MoryT Gbitb HcnojibsoBanbi neKOTopbie opflHHajibi 

t[<t^<t!^< a° 

TaKHe, HTO BbinOJIHHeTCH 



A{r[, T^, T^, aSf) A Vr" G ]r(, r^] a<f = 1 A aS,> = 5° (9.6) 

HHJKe a'', TO ecTb nocjie <l-orpaHHHeHHH KapflHHajioM a^. 
KjironeByro pojib 5yfleT nrpaTb TaK HasbiBaeMbili Meduamop: 3to 
HeKOTopbiH SIN^" -KapflHHaji 7^^ TaKoft, hto 

7<f ° < 7^"° < if' < 7° < «° (9.7) 
KOTopbiH cymecTByeT 6jiaro/i,apH jieMMe 1831 4). Ho jieMMe [8?71 06 

a6cOJIK)THOCTH flOnyCTHMOCTH H eflHHHHHOH XapaKTepHCTHKH MaT- 
PHHHOH a-4)yHKIi;HH 3TH SHaHeHHH H HX aTpnGyTBI HHJKe q'^ h 

HH»ce 7*^ cona/;aK)T na MHOJKecTBe 



{r:7<"''<7°Aa<"° = l} 
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H noBTOMy (|9.7p . (|9.6p BjiexyT cjie^yromee S„_|_i-yTBepjKfleHHe hh- 



'1 '2 '3 



A4^^''(r(,r^,r^,a5<^°) A Vr" G ]r(,r^] a<f = lA (9.8) 



Aa5</ =5°). 
Ho jieMMe [S3] 3)Mbi HMeeM 

H Torfla no jieMMe 3.2 |29) cymecTsyeT neKOTopoe 7", fljiH koto- 
poro BbinojinaeTCH (19. 8p , ho ycHce Huotce 5^ . OTcrofla h h3 jieMMbi 
3.8 [29] cjieflyeT, hto S'7A'„-cy6HeflocTHJKHMOCTi. 5^ BjieneT cyme- 
CTBOBaHHe 5'/A'!„-Kap/;HHajia 7*^' < 5^ c tcm JKe cbohctbom (19. 8p : 

OTMBTHM, HTO 7*^' o6jia/I,aeT TOH JKe 5IA^n-Cy6He/I,OCTH>KHMOCTbIO, 
HTO H 5^. TaKHM 06pa30M, P^JIH HeKOTOpblX Kap/;HHajIOB 



7,/ <7,/ <7,/ <7 (9.9) 



BbinOJIHHeTCH 



(9.10) 



aW" G ]T(',r^'] a</' = 1 A aSf" = 5°. 

TaK KaK 7*^' 3to 5IA^,i-KapflHHaji, to Bes^e b (19. 9p . (I9.10p <1- h 
<-orpaHHHeHHH 3thm KapflHHajioM 7^' MoryT 6biTb onymenbi no 
TeM JKe jieMMaM 3.8, 18.71 

Hannnaa c 3Toro MecTa cjie^yeT noBTopnTb npoBe^ennbie bbi- 
me paccyjKflenHH, no b o6paTnoM nopa^Ke, n ne fljia a^, ho Oasi 
a^'^. Torfla (|9.9p . (|9.10p BjiexyT (|9.5p . r^e saMenen na a^'^ 
n nosTOMy MaTpnn,a na 0^-1,0 nojiynaeT HyAeeyK) xapanmepu- 
cmuKy B npoTnBopennn c npe^nojiojKenneM. 
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2. Htek, yTBejKfleHHe 1. sflecb flOKaaano; ocTajiocb nposepHTb op- 
flHHaji 

r^'^ = min{r e [Ti,r2[: Vr' G]r, T2[ a,-/ = l} 
H /];oKa3aTb, hto oh coBna/i,aeT c ri. 

/],onycTHM, 3TO He TaK h Ti < r^'^, Tor^a nyjKHO paccMOTpeTb 
flse e/];HHHHHbie MaTpHii;bi 

Hcnojibsya MaTpni^y na ee HOCHTejie 0^1,2^1 c ee npoHS- 

BOflHii];HM flHcceMHHaTopoM 5^ = (5^-1,2^1 cjiepyjom^nM o6pa30M. 
CorjiacHO jieMMaM 18.51 7) (ii), 18.81 2) nojiynaeTCH 

7ri < (5^ = (^rl^a + l 

H nosTOMy BOSHHKaioT TOJibKO TpH no;i,cjiy HaH : 
2a. jri = S^- Tor/i,a no onpenejieHHro l8?3] 

Vr G]Ti,r^'2[ = 1 
B npoTHBopeHHH c npeflnojiojKeHHeM. 

2b. 7t-j < (5^, (5^ ^ SINn- Tor/];a /;eHCTByeT MBTOfl orpaHHHeHHH- 
H-npoflojiJKeHHH, 6yKBajibHo KaK Bbinie b cjiynae la. 3Toro flOKa- 
saTejibCTBa, ho fljia 

S"^ , 5^ eMecmo aSrQ, 
H CHOBa HOjiynaeTCH = 1 on ]Ti,r^'^]. 

2c. 7t-i < (5^, (5^ € SINn- 3flecb cnoBa HcnojibsyeTca MeTOfl 
orpaHHHenHH-H-npoflOJiJKenHa, no b necKOjiBKO flpyron Manepe. 
Cnanajia no jieMMe 3.2 |29) MaTpHu;a nojiynaeT cboh flony- 

CTHMbie HOCHTejiH, pacnojioJKenHbie Koncjjnnajibno Kap^nnajiy J^, 
TaK HTO no nnflyKTHBnoH rnnoTese 

Or = 1 Hfl MHOMcecmee {r : 7^-^ < 7^ < 5^}. 
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Torfla HHJKe flHcceMHHaTopa 6^ BbinojinaeTCH cjieflyiomee n„+i- 
yTBepjKfleHHe 

y^ilri < 7 ^ SINn-i{j) 35,a,p,S aK(l, (5, a, 7, />, S)) 

KOTOpOe pacnpOCTpaHHCTCH 3THM flHCCeMHHaTOpOM flfl Oi^i;2_^_i co- 

rjiacHo jieMMe 6.6 [29J (flJiH m = n + 1, S = 6"^, ai = 0^1.2,^1) ~ 
H CHOBa nojiynaeTCH Or = 1 na tom JKe MHOJKecTBe ]ri,T^'^]. 
H B jiK)6oM cjiynae mbi npHxo/;HM k ti = r^'^. H 

Cjieflyromaa BajKHaa jieMMa 5yfleT flOKasana CHOBa MeTOflOM 
ogpaHuueHUH-u-npodoAMceHUH, ho b necKOJiBKO 6ojiee CHHTesnpo- 
BaHHoii 4)opMe. 

OflHaKO npeflBapHTejiBHO xopomo bbbcth cjie^yiomHe flOBOjib- 
Ho yflo6Hbie hohhthh, Hcnojibsyromne hohhthh peflyii,HpoBaHHbix 
cneKTpoB H MaTpnu, (nanoMHHM onpeflejieHHH 4.1, 5.1 f29]). 

B flajiBHeftmeM ochobhoh TexHHHecKHlt npneM b paccyjKfleHH- 
Hx 6yfleT cocTOHTb B paccMOTpeHHH HeKOTopoH MaTpHii;bi S Ha ee 
pasAUHHUx HocumcAHX no ouepedu. TaKyro TpaHc4)opMaii,Hio pe^y- 
Li,HpoBaHHOH MaTpHi^bi S OT o/;Horo ee HOCHTejia a k flpyroMy 
ee HOCHTejiK) mbi Gyp^em naabiBaTb nepenocoM MaTpHLi;bi S ot 
a K a^. 

TaKaa TexHHKa 5yfleT nacTO npHMeHHTbCH b flajiBHeftmeM h yjKe 
6bijia Hcnojib30BaHa b /;oKa3aTejibCTBax jieMM 17. 5| 18. 8| 19.41 

B xofle TaKoro nepenoca peflyi^npoBaHHOH MaTpHii,bi 5 ot a 
K HeKOTopbie CBoftcTBa yHHBepcyMa, orpaHHHeHHoro Kapflnna- 
jiaMH CKaHKa hjih npe/i,CKaHKa MaTpHLi,bi S na a, coxpanaioTCH h 
nosTOMy Mbi Gyfl^eM nasbiBaTb hx enympeHHUMU ceoucmeaMU uaT- 
pHLi,bi S; flpyrne CBolicTBa npn stom napymaioTCH a nosTOMy ohh 
6yflyT HasbiBaTbCH eneuiHUMU ceoucmeaMU. 

Bojiee TOHHo: cbohctbo hjih HpnanaK MaTpHii,bi 5, peflyLi,Hpo- 
BaHHoii K X* 6^ HOCHTejie a, 5yfleT nasbiBaTbCH enemHUM 
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CBOHCTBOM HJiH npHSHaKOM 3TOH S (hr o), ecjiH OHO onpe/;ejiHMO 
HHJKe HeKOToporo KapflHHajia CKaHKa hjih npeflCKaHKa cneKTpa 



Hepea ee neKOTopbie ppyme KapflHHajibi CKaHKa hjih npeflCKaHKa; 
anajiornHHO fljiH flpyrnx oGteKTOB hs La bo Bcex ppyrax cjiyna- 
Hx OHH 5yflyT nasbiBaTbCH enemHUMU ceoucmeaMU uau npusna- 
KUMU MaTpHii;bi S. 

3th nOHHTHH BBOflHTCH B fleftCTBHe JieMMOH 5.11 [29] O MaTpHH- 
HOH HHcJjOpMaTHBHOCTH, KOTOpaH OSHaHaeT, HanOMHHM, HTO TaKHe 

eHympemme CBoftcTBa coxpaHHioTCH bo BpeMH nepenoca MaTpHii,bi 
S OT o/;Horo ee nocHTejiH k /;pyroMy. 

H BOT OHeHb BajKHbiH npHMep eneiuHezo CBoftcTBa - cbohctbo 
xapaKuiepucmuKu; oho BKjiioHaeT b ceGa ecto MaTpHu;y S na ee 
HOCHTejie a, a ne tojibko neKOTopbie ee KapflHHajibi CKaHKa. 
/],eitcTBHTejibHO, bosbmSm npoH3BOjibHyio MaTpHLi;y S na ee hoch- 
Tejie Q HyAeeou xapaKTepncTHKH (ecjiH oh cymecTByeT), Tor^a 
no jieMMe 18.51 5) BbinojiHHeTCH 



rfle S nojiynaeT Mem>muu HOCHTejib a*)" , ho yjKe eduHUUHOu 

xapaKTepHCTHKH, 6jiaroflapH ycjioBHio Vr" E ]t{,T2] a^,7 = 1. 
Ho B flajiBHeftmeM Bce flpyrne MaTpHHHbili CBoiicTBa - eHympeH- 
Hue, H oflHO H3 HHX pejiHsyeT MeTOfl orpaHHHeHHH-H-npoflOJKKeHHa 
B flOKasaTejibCTBe HHJKecjieflyioiii,eH jieMMbi 9.5. 
3Ta JieMMa HcnojibsyeT yfloGnyio 4)yHKii;Hio, KOTopaa yjKe 6bijia 
Hcnojib30BaHa b /;oKa3aTejibCTBe jieMMbi 9.3: 





) : Ti < T < T2}; 
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OHa Heo6xoflHMa fljiH cJaopMHpoBaHHH TaK HasbiBaeMbix AecmHuit, 
- ceMeftcTB HHTepBajiOB, KOTopbie 6ypjT cjiyjKHTb rjiaBHbiM Tex- 
HHHecKHM cpeflCTBOM B flOKasaTejibCTBe ocHOBHOH TeopeMbi. JXjis 
3Toro Heo6xoflHMbi cjie^yromne cJjopMyjibi HHJKe ai: 

sflecb HHTepBaji [ri , T2 [ - 3to MaKCHMajibHbifi HHTepBaji mohotoh- 
HOCTH C JieBbIM SIN.^'^^-KOHUpM 7^°^ H c npaBbiM SIN.^°'^- 
KOHII,OM 7^"^ (MaKCHMajIBHBIH B TOM CMblCJie, HTO OH He BKJIIO- 

HaeTCH HH B KaKOH flpyroH TaKoft HHTepBaji), H03T0My Mbi 6yfleM 
HasbiBaTb ero h cooTBeTCTByioH^HH HHTepBaji [7^°^ , 7^°^ [ MaKcu- 

MQAbHUM UHmepeaAOM MOHOmOHHOCmU 4)yHKIl,HH a5j HHJKe 

ai. 

A A™f"^(ri,r2,a5;"^) AVr(ri < r < T2 ^ a<-i = l); 
B ;];o6aBjieHHe k A^^"^ 3flecb yTBepjKflaeTca, hto ne cymecTByeT 

a-MaTpHH,, flOHyCTHMblX flJIH 7^"^ HHJKe ai H 4)yHKU,H5I aS'j 

HMeeT Ha ]Ti,r2[ SHaneHHH aS!,^"^ tojibko e/i,HHHHHOH xapaKTe- 
pHCTHKH a^"i =1; B 3TOM cjiyHae eflHHHHHaa xapaKTepHCTHKa 
a = 1 CTa6Hj[H3HpyeTCH na HHTepBajre [ri , r2 [ h na cooTBeTCTBy- 
lOH^eM HHTepBajie [7^"^ , 7^"^ [ HHJKe ai no jieMMe 19.41 

3. ^frHn,n,r2,a5;"Saf ^): 

^rJ''"' (ri , n , aSf"' , a<'^i ) A n < n < r2 A Af"' (n , r2 , a5<°i ) ; 
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3flecb roBopHTca, hto 4)yHKn,H5i oiS'^"'^ onpeflejiena na HHTepea- 

jic ]Ti,r2[, HO Ha ero HanajibHOM MaKCHMajibHOM Ho^inHTcpsajie 

MOHOTOHHOCTH ]ti,T*[ C 7r, G SIN^"'^ OHa HMCCT ^aJKC cdu- 

HUHHym xapaKTepHCTHKy, cTa6HjiH3Hpyion],yiocH na neM; no3TOMy 
9TOT HHTepeaji h cooTBeTCTByiomHH HHTepeaji [7^°^ , 7^*^^ [ Sy^yx 
HasbiBaxbCH flajiee (eflHHHHHMMn) cTyneHHMH HHJKe ai (xaK urn 
ysnffKM, 3TOT TepMHH OHpaB/];MBaeTCH pocTOM re/];ejieBCKOH 4)yHK- 
H,HH Od Ha TaKHX CTyneHHx); b 3tom cjiynae op/i,HHaji 

OdaSf'^'{Ti,T,) 

Sy^eT HasbiBaTbCH eucomou TaKon CTynenn. 

KT' (n , T. , T2 , a^/"^ , ^ ) A (n , T2 , ) ; 

B flonojiHeHHe a^ecb yKasbiBaeTca, hto HHTepBaji ]ri,T2[ - MaK- 
CHMajibHbiH c 7^"^^ £ S/iV^"! , no9TOMy mm SyfleM nasbiBaTb hh- 
TepBaji [ri , r2 [ h cooTBeTCTByiomHH HHTepBaji [7^*^^ , 7^"^ [ AtaK- 

CUMttAbHUMU (cduHUHHUMu) CmynCHMMU HHJKe «!. 

3th Ha6jiiofleHHa npHBOflHT k cjieflyion],eMy noHSTHio AecniHU- 
{St amo ^yHKi^ua Hax*^)f\ 

AV^ < X*+ 3Tl,T„T2(5t(/3) = (ri,n,T2)A 

A</*^"^ (n, n, T2, aS<"i , afi) A 
AVn , r. , r2 ( (n , n , r2 , a-S<°i , a<°i ) ^ 
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AV/3i,/32 < X*+ VT{,r:,r^ Vr(', r^'(/3i < /SsA 
A5t(/?i) = (r( , r:, T^) A 5t(/32) = (r(', r^') ^ < t{'a 
AOd aSf^'iriri) < Od a-S<"i(T{',r:'))A 
Asup{Od aSf'^'irun) : 3/3, T2 = {n,n,T2)} = x*+; 

Sflecb yKasbiBaeTCH, hto St sto 4)yHKii,Hsi na h hto ee 

3HaHeHHH - 3TO BCe TpOHKH (Ti,r*,r2) TaKHe, HTO HHTepBajIbl 
[''"1) '^2[ HBJIHIOTCH MaKCHMajIbHblMH eflHHHHHblMH CTyneHHMH, paC- 

nojioxceHHbiMH nocjieflOBaTejibHO, Oflna sa flpyroH. IlosTOMy Taxaa 
4)yHKn,HJi (St Sy^eT nasbiBaTbCH AecmHui^eu, a HHTepBajibi [ri , T2 [ 
H cooTBeTCTByiomHe HHTepBajibi [7^"^ , 7^"^ [ SyflyT HasbiBaTbca 
ee cTyneHHMH HHJKe cti. 

3to noH5iTHe onpaBflbmaeTca CTporHM BOspacTaHHeM bbicot laKHx 
CTynenen; mbi Sy^eivi Taicace roBopHTb, hto 9Ta jiecTHHLi,a St co- 

CTOHT H3 3THX CTyneHelt, HJIH COflepXCHT 9TH CTyneHH. 
CoOTBeTCTBeHHO 3TOMy, OpflHHajI 

h{St) = sup {Od a5<°i(ri,r.) : 3/3, r2 St{p) = (ri,r*,r2)} 

Sy^eT HasbiBaTbcsi eucomou Bcen jiecTHHn,bi St. TaKHM oSpaaoM, 
sflecb TpeGyeTCH, htoSm BbicoTa Bcen jiecTHHn,bi St BospacTajia 

flO X*"*", TO eCTb HT06bI 

hiSt) = x*^. 

TaKHce Kap;],HHaji 

V = sup {7^-2 : 3p,Ti,n St{P) = {Tl,n,T2)} 

6yfleT HasbiBaTbCH saeepiuaminuM KapflHHajiOM jiecTHHLi,bi St h 
Sy^eT oSosHanaTbca nepes 

viSt); 
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TaK HTo Mbi 6yflfiM roBopHTb, HTo jiecHHLi,a St saBepmaeTca b 
3TOM KapflHHajie v{St). 

EcjiH TaKaa jiecTHHii;a St cymecTByeT HHJKe Kapflnnajia ai, to 
MBI GypfiM roBopHTB, HTo 3TOT ai o6Aadaem 3toh jiecTHHii;eH St. 
Korfla Kap/;HHaji a > x* ^to HOCHTejiB MaTpHii,Bi S h ero 
KapflHHaji npeflCKaHKa ai = nocjie x* o6jia/i,aeT HeKOTopoit 
jiecTHHii,eH St, TO MBI 5yfleM roBopHTB, HTO 3Ta S Ha Q o6jiaflaeT 

3TOH JieCTHHII,eli. 

H BOT OHBHB BajKHBiH npHMep eHympeHHezo ceoucmea MaTpn- 
ii,Bi: enympeHHee cbohctbo o6jiaflaHHH MaTpHii,Bi S neKOTopoH 
jiecTHHii,eH. 

3to cbohctbo flJiH MaTpHii;Bi S Ha ee HOCHTejie a onpeflejiaeTca 

4)OpMyjIOH 

3St < ^"''(5t,a5<"\a<"^), 

KOTopaa MOJKCT 6bitb orpaHHHena KapflnnajioM CKanxa ee 
HOCHTejiH a nocjie x*- no3TOMy corjiacHO JieMMe 5.11 TeM 
jKe CBOHCTBOM MaTpHii;a S o6jia/i,aeT na jik)6om /];pyroM cbobm 
HocHTejie > X*: 

3St' < ai^+ ^"''(5t\a5<-'\a<"''), 

KOTopoe TenepB mojkbt 6bitb orpaHHHeno KapflHHajioM CKanxa a^^ 
HOCHTejiH nocjie x*, h TaKHM o6pa30M S na CHOBa 
o6jiaflaeT neKOTopoft jiecTHHi^eft St^ KaK h paHBine. 

JleMMa 9.5 (O cpeaaHHH jiecTHHLi,Bi cBepxy) 
IJycmb 

(i) ^i^°i(n,T2); 

(a) T2 <T-i u amo Mampuv,a xapaKmepucmuKU na 
Hocumene 

«3 e hT\ai[ 
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c ducccMUHamopoM 5^ u 6a30u dannux , donycmuMue Bam 
7^"i HUMce a\, c npou3eodHvut,UM co6cmeeHHUM ducceMunamo- 
poM Ha a ; 

(m) Vr < T2 3t' G [t,T2[ a<"^ = . 
Tog da 

1. Oda5<"nn,r2) < Od{S^); 

2a. maKUM o6pa30M, ecjiu o'^ = 1, mo ne cyvnecmeyem 
AecmHui^u HUMce ai, aaeepmammeucn e ueKomopoM SIN^°'^- 
Kapdunane v < a^; 

2b. cjiedoeamejibHO, ecAU cymecmeyem HCKomopaH eduHUUHan 
MaKmpuv^a na ee HocumeAnx Huotce KapdunaAa ai, pacno- 
AOMCCHHUX K0Hcf)UHaAbH0 3moMy KapduHaAy ai: 

V7 < ai G ]7,ai[ 36,a,p< ai {SIN<^l{j^)A 

AaK<-ni,'5,7\«,P,5°)), 

mo amom napdunaA ai ne o6Aadaem HUKanou AecmHuv,eu; 

3. ecAU smo Mampuv^a, <-MUHUMa.AbHan U30 ecex Mam- 
puti^ mou Mce xapanmepucmuKU na HocumeAsix G ]7^°i,ai[ 
donycmuMux Oah 7^"^, fno 

/JoKa3ameA'bcmeo. HpoBefleM 3to paccyjKfleHHe ^jih = 1, 
HMeHHO 3TOT cjiyHaft HcnojibsyeTCH b flajibHeftmeM; b 3tom BajKHOM 
cjiynae H ycjiOBHe {in) mojkho ocjia6HTi. p^o o = 1 no 

S 

jieMMe 3.2 [29j. B btom cjiynae ycjioBne HenoflaBjieHHH ~'A^' fljiH 



9. AnajiHS mohotohhocth a -(pyHKijHH 



91 



eflHHHHHOH MaTpHii,M S Ha ee HOCHTejiHX MOJKeT 6biTi. onymeHO, 
noTOMy HTO TaKaa MaTpHii,a S Bcer^a HenoflaBjiena h cJjopMy- 
jibi aK*^"^! , aK*^"^ SKBHBajieHTHti 4)opMyjiaM q;K^"i , qK^"{; 
BepxHHe HHfleKCbi < ai, < ai 6y/];yT onycKaTbCH, KaK Bcer^a. 
Ho 3TOMy ycjioBHK) 3Toli JieMMbi MaTpHii,a nojiynaeT ep^nanH- 
Hyio xapaKTepHCTHKy na ee flonycTHMbix HOCHTejiax, pacnojiojKeH- 
Hbix KOHcJjHHajiBHo KapflHHajiy 7t-2 , KaK 3TO 6bijio B flOKaaaTejib- 
CTBe HacTH la. JieMMbi|2]ll rfle 7^2, na a^i cjie^yeT saMeHHTb 
Ha 7t-2, Ha 03. TaKHM o6pa30M, (i) h jieMMa [9]4] BJieKyT 

0(iaS'/(ri, < Od{S^) u a,- = 1 ho ]ri,T2[ . 

Tenepb npe/i,nojiojKHM, hto 4)yHKu,HH aSf cTaGnjiHSHpyeTca na 
[''"i5''"2[ H nycTb r| - 3to CTa6HJiH3aLi,HOHHbili op/;HHaji aSj 
Ha [ti,T2[, TaK hto cyn^ecTByeT MaTpHH,a TaKaa, hto 

aSr = ctSr^ = na [r|,T2[ . 

Mbi npHMeHHM ceftnac MeTOfl orpaHHHeHHH-H-npoflojiJKeHHH, ko- 
TopbiH yjKe 6biji HCHOjibsoBan Bbime necKOjiBKO pas. JH^Jisi SToro 
BepneMCH k MaTpHii,e na HOCHTejie ar|+i c Kap/;HHajioM 

npeflCKaHKa = ck^i+i h flHcceMHHaTopoM 5^ = Ta 
jKe caMaa MaTpHii;a na HOCHTejie Qt-| eflHHHHHoli xapaKTe- 
pHCTHKH no JieMMe 3.2 |29) 06 orpaHHHeHHH nojiynaeT eflHHHHHbie 
xapaKTepHCTHKH Ha ee flonycTHMbix HOCHTejiHX, pacnojiojKeHHbix 
KOHcJjHHajiBHO KapflHHajiy 6^ H no3TOMy HHJKe 6^ BbinojiHHeTca 
cjieflyromee n„+i-yTBepjKfleHHe fljia S = S^: 

V737' (7 < 7'A5/A^„_i(y)A 

(9.11) 

A36,a,p aK(l, 5, 7', a, /9, 5)) . 

/],HcceMHHaTop (5"^ npoflOJBKaeT ero h noaTOMy MaTpHii,a 

nojiynaeT eflHHHHHyK) xapaKTepncTHKy na ee flonycTHMbix ho- 
CHTejiHX, pacnojiojKeHHbix KOHcjaHHajibHO Kapflnnajiy a^, to ecTb 
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(|9.1ip BbinojiHHeTCH MaTpHii;eii S = npn orpaHHHeHHH <l a^. 
rioCJie MHHHMH3aiI,HH TaKHX MaTpHu; 5* MM HOJiyHaeM MaTpHii,y 
S = CO CBOHCTBOM (I9.1ip HHJKe H HO JieMMB 4.6 |29j S^<S^. 

HyjKHO OTMeTHTb, HTO yTBepjKfleHHe (|9.1ip . <l-orpaHHHeHHoe Kap- 
;;HHajioM c S = S^, 3to eHympemee ceoucmeo MaTpHLi,bi . 
EcjiH Tenepb 

0daSf{Ti,T2) = 0d{S^)., mo ecmt = 

TO MaTpHii,a S"^ no jieMMe 5.11 |29] 06 HHcjaopMaTHBHOCTH nojiy- 
HaeT CBOH /;onycTHMbie HOCHTejin toh jkb e/;HHHHHOH xapaKTepn- 
CTHKH, pacnojiojKeHHbiMH KOHcJjHHajiBHO Kap/;HHajiy npeflCKaHKa 
= Og, TaK KaK Ha HOCHTejie «t|+i o6jiaflaeT tbm jkb 

CBOHCTBOM. 

riocjie 3Toro CHOBa ho jieMMe 3.2 [29] TaKHe hochtcjih hohbjihk)t- 
CH, pacHOJiojKeHHbie KOHcJaHHajibHO 7t-2 . TaKHM 6pa30M, naKoneu;, 
6jiaro/i,apH (i) HOHBjiaeTCH HpoTHBopenne: 

OdaSf{Ti,T2) < Od{S^) < Od{S°). (9.12) 

EcjiH JKe 4)yHKH;HH aSf ne CTaGnjiHsnpyeTCH na [Ti,r2[, to op- 
flHHaji 

p = OdaSf{Ti,T2) 

- npeflejiBHbiH. Tenepb fljiH Toro, htoGbi saKOHHHTb flOKasaTejib- 
CTBa yTBepjKfleHHH 1., mojkho saMCTHTB, HTO reflejieBCKaa koh- 
CTpyKTHBHaa 4)yHKLi,HH F npHHHMaeT SHaHeHHH Fioi) = F\a 
fljiH npeflejiBHBix opflnnajiOB a (cm. Feflejib |22]). HeTpy^HO 

BHfleTb, HTO Od{S) He MOJKBT 5bITb npeflejIBHBIM H n03T0My 

P < Od{S) BJiencT p < Od{S). 

06pamaHCb k yTBepjKfleHHro 3., flonycTHM, hto oho neBepno a 
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H, CTOH Ha Kap/;HHajie a = Og, paccMOTpHM nojiynaiomyrocH 
CHTyaii;HK) HHJKe . Sflecb cjie^yeT paccMOTpeTb flsa cjiynaa: 
Cjiynaft 1. 'Jn < u < 7^-2. 

TaK KaK 7^2 € -SIA^n h (5^ e SIN<'^\ to h3 jibmm 3.8 
8.5 1), 8.7, 9.4 cjieflyeT, hto 6^ G 5/iV„ h 

aS^°'^ = aSr Ha {r : 7^-^ < 7,- < 5^} 

H saTBM flHcceMHHaTop 6"^ npoflojiJKaeT flo a'^ cjie^yiomee n„+i- 
yTBepjKfleHHe 06 onpeflejieHHOCTH (jiyHKi^HH aSj eduHUUHOu xa- 
paKTepHCTHKH CO 3HaHeHHHMH <S^ 6jiaro/;apH nacTH 1.: 

Vy (7n < 7'A5/iV„_i(7') 

(9.13) 

^ 35, a, p,S {S<S^ A aK{l, S, 7', a, p, 5))) 
H noBTOMy cymecTByeT flonycTHMaa MaTpHii;a aS*^"^ na HOCHTejie 

(^rf e]7r3,a^[ 

eflHHHHHOH xapaKTepHCTHKH H CO SHaHeHHeM aS^"^ < Bonpe- 
KH ^-MHHHMajIBHOCTH CaMOH MaTpHI^bl Ha as . OcTajiocb 

paccMOTpeTb cjieflyromnit 

Cjiynaii 2. 6^ < 

HyjKHO OTMeTHb, HTO yCJIOBHe <-MHHHMajIbHOCTH MaTpHI^bl 5"^ 

He HCHOJibsyeTCH b 3tom cjiynae. Sflecb MaTpHH,a = q«S't-i+2 

eflHHHHHOH xapaKTepHCTHKH /;OJIJKHa paCCMaTpHBaTbCH Ha HOCH- 

1 -V- 

Tejie ari+2 c Kap/i,HHajiaM Hpe/;cKaHKa a = q;^^_|_2 h flHcceMHHa- 
TopoM 5^ = (5t-i+2i KaK 3TO 6bijio cflejiaHo BbiHie fljia = aSj-i+i, 
= ctf|+i) Si^ = <^t|+i b flOKasaTejibCTBe yTBepjKfleHHH 1. (flo- 
roBopHMCH coxpaHHTb HpejKHHe o6o3HaHeHHH flJiH y/;o6cTBa). H 
CHOBa MaTpHH,a aSr^j^i HOJiynaeT eflHHHHHbie xapaKTepHCTHKH 
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Ha CBOHX flOnyCTHMMX HOCHTejIHX pacnOJIOJKeHHblX KOHcJjHHaJIbHO 

flHcceMHHaTopy 6^ = h oh npoflOJiJKaeT yTBepjKfleHHe (19. lip 
fljia S = aSri+i flo a"*^; TaKHM oGpasoM, 3to BbisbisaeT HOHBjie- 

HHe MHHHMajIbHOH MaTpHU;bI < C HpeJKHHMH CBOHCTBaMHI 

OHa HOJiynaeT e/;HHHHHyio xapaKTepncTHKy na ee flonycTHMbix ho- 
CHTejiHx, pacnojiojKeHHbix KOH4)HHajibHO KapflHHajiy a^. 
Ho jieMMe 3.2 j29j nosBjiaroTCH HOCHTejin MaTpni^bi eflHHHHHOH 
xapaKTepHCTHKH, pacnojiojKeHHbie KOHcJjHHajibHO flHcceMnnaTopy 
(5^, TO ecTb (19. lip BbinojiHHeTCH p^jia S = npn <l-orpaHHHeHHH 
3THM flHcceMHHaTopoM (5^; no3TOMy (5^ npo/];ojiJKaeT 3to yTBep- 
jKfleHHe flo a^. Hocjie 3Toro KapflHHaji 7^-3 G SINn orpaHH- 
HHBaeT 3TO yTBepjKfleHHe c 7 saMeneHHbiM na npoHSBOjibHbilt 
nocTOHHHbiH KapflHHaji 7"^ < 7t-2 . B peayjiBTaTe MaTpHLi,a no- 
jiynaeT eflHHHHHyio xapaKTepncTHKy na flonycTHMbix HOCHTejiHX, 
pacnojiojKeHHbix KOHcJjHHajibHO Kap/;HHajiy 7^-2 h mbi CHOBa npn- 

XOflHM K npOTHBOpeHHK) (I9.12p . 

06pamaHCb k xapaKTepncTHKe = cjie^yeT noBTopHTb 
3TO paccyjKfleHHe, ho flJiH uyAeeux MaTpnu; 5* na hx HOCHTe- 
JiHX a, flonycTHMbix flJiH paccMaTpHBaeMbix KapflHHajioB 7,-, 
HO TOJiBKO flJiH ^ SINn- Bo Bcex noflo6Hbix cjiynaax TaKHe 
MaTpHii,bi S HenoflaBjiHK)TCH no onpeflejieHHro h cnoBa no3TO- 
My ycjioBHe HenoflaBjieHHH "'^5''^ mojkbt Gbitb onymeno h cho- 
Ba (]3opMyjibi aK*^"i, aK*^"^ mojkho saMeHHTb na 4)opMyjibi 
aK^"i, aK^"p HMenno TaKHe MaTpHH,bi S na hx HOCHTejiax 
a cjieflyeT HCHOjibsoBaTb b MeTOfle orpaHHHeHHH-H-HOflaBjieHHH, 
HpHMeneHHOM Bbime, hto o6ecHeHHBaeT flOKasaTejibCTBo fljia xa- 

paKTepHCTHKH 03 = 0. 

H, HaKOHeu;, yTBep^Kflenne 2a. cjie^yeT as 1. hohth oneBHflHO. 
HpeflnojiojKHM, oho ne BbinojiHaeTCH, to ecTb cymecTByeT mbkoto- 
paa jiecTHHii,a St HHace ai , saBepmaromaacH b S/A^^-Kap^HHajie 
v{St) < a^; OTCK)fla cjie^yeT, hto 



v{St) < 7: 
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^ajibHeftmee paccyjK/i,eHHe mojkho npeflCTaBHTb ce6e kek "cpeaa- 
Hue 3mou AecmHuii^u ceepxy" Maipmu^eA h tbm caMbiM hckjik)- 
Henne 3toh jiecTHHu;bi: 

Ho onpeflejieHHK) 3Ta jiecTHHii;a coctoht h3 eduHUUHUx CTyneneft 

HHJKe «! 

5t(r') = (r(,r-,r^) 
H KaJKflaa h3 hhx o6jiaflaeT cbohctbom 

C eflHHHHHOH XapaKTepHCTHKOH, CTa6HJIH3HpymeHCH Ha [''"i,T2*[ 

(cm. onpeflejieHHe jiecTHHii,i.i nepe/i, jieMMofi I9.5p . IloBTOMy flOKa- 
3aHHoe yTBepjKfleHHe 1. BjieneT, hto BbicoTa Bcex ee CTyneneft, to 
ecTb BbicoTa h{St) Bceft jiecTHHii,bi St, orpaHHHena CBepxy op- 

flHHajIOM 

Od{S') < x*+ 

("cpe3aeTCH" bthm opflHHajioM), xoth no onpeflejieHHio jiecTHHLi,bi 
St BbicoTa ee CTyneneH B03pacTaeT /i,o x*^) to ecTb h{St) = x*^ ■ 
3to JKe paccyjKfleHHe cocTaBjiaeT h flOKa3aTejibCTBO yTBepjKfleHHH 
2b., ecjiH MaTpHii,y Hcnojib30BaTi. bmccto MaTpHii;i.i 5^. 

H 

Otmcthm, hto p^jia xapaKTepncTHKH = 1 ycjioBHe mhhh- 

MajIBHOCTH MaTpHII,i.I B nyHKTe 3. 3TO JieMMbI 19.51 MOJKHO 

onycTHTb, Hcnojib3yH neMHoro H3MeHeHHbie apryMeHTbi h3 o6cyjK- 
fleHHH cjiynaa 1. 

Cjieflyiomee oneBHflHoe cjie^cTBHe noKa3biBaeT, hto bbicotbi 
TaKHX CTyneneft CTporo B03pacTaK)T: 

CjieflCTBHe 9.6 

IJycmb 
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(ii) Vr < T4 3t' G [r;T4[ a<^' = 1. 
Tozda 

1) Vr e]ri,T2[U]r3,r4[ a<"i = 1; 

0(ia5<"^(ri,T2) < OdQS<°^(r3,r4); 

5; Vr G ]r3, r4[ 7r2°^ < = ^<°i < 7<"i, 
g(9e (5^ - amo npou36odsim,uu co6cmeeHHuu ducceMunamop Mam- 
puvfii aS^"^ Ha noamoMy 

lT2 ^ 'T3 

floKasameAbcmeo. Hs ycjioBHii (f), (ii) h jibmm 3.2 |29). 19.41 cjie- 
flyeT, HTO a^"i = 1 na HHTepsajiax ]ri,r2[, ]r3,r4[. IIobto- 
My jieMMa [^31 (r^e r3 HrpaeT pojib jiio6oro r G ]r3,r4[) Bjie- 
HeT yTBepjKfleHHH 2), 3). r = r3 + 1 Tor^a nojiynaaeTCH 

7^"i < H B TO JKe BpeMH corjiacHO jieMMaM 18.51 7) (iz). 18.81 2) 

- 5^ = 7-^°^; TaKHM o6pa30M r2 < r3. 

H 



CjieflCTBHe 9.7 

Tlycmh 

(i) ^}^"Hri,r2); 

(^iij r3 G dom{aSf°'^), T3 > T2; 

(in) Mampu%a aS^^^ na a^"^ UMeem npou3eodHui,uu 
co6cmeeHHUu ducceMUHamop 

< <ai 

HUMce ai. 
Tozda 
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1) a<°i = 1 on ]n,T2[, a<"i = 0; 

2) 5^^ < u 

3) OdaSf''^{n,T2) > Od(aS<'''). 

AnajiozuHHO Bah npou3eodmii,ezo ducccMUHamopa 5^"^ Mampuu,u 
aS<^^ Ha a<"i. 

floKasameAhcmeo. Mbi 5yfleM onycKaTb sepxHHe HHfleKCbi < ai, 
<1 Qi. Ho jieMMe Jjig S'^ = aS^^^ ycjioBHe {in) BjieneT, hto 

J^JIR HeKOTOporO T < T2 

Vr' G [T,r2[ a^' / a^-g; 
6jiaro/];apH jieMMe 3.2 |29j 3to bosmojkho tojibko Kor^a 

Vr' e [r, r2[ a,-/ = 1, a^-g = 0, 
a Tor/;a no jieMMe 9.4 a,- = 1 on ]Ti,r2[ . 

EcjiH (5^ E ]7n5 7T-2[ i '^'o MOJKno nojiynnTb a^-g = 1, ncnojibsya 
cnoBa paccyjK/i,enHe h3 flOKasaTejibCTBa jieMMbi 19. 5[ n npoflOJiJKaa 
yTBepjKflenne (I9.13P 6e3 ero noflcjaopMyjibi S < S'^ flncceMnnaTO- 
poM flo afg, a 3TO BJieneT a^^^"^ =1. 

Ilocjie 3Toro /i,ocTaTonno npoBecTH paccyjK/i,enHe ns Konn,a 3to- 
ro flOKasaTejibCTBa (cjiynan 2.), 6yKBajibno noBTopaa ero nocpefl- 
CTBOM MeTOfla orpannnenHH-H-noBTopenHH. 

H 

HeMeflJiennoe cjieflCTBne stoh jieMMbi fljiH T2 = T3 cocTaBJiaeT 
cjieflyron^aa 
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TeopeMa 1 

Uycmb 

(i) aSj"^^ MOHomoHHa Ha [ti,T2[ humcc ai; 

(a) Ti = min{r : ]r, C dom{aS'^'^^)} . 
Tozda 



ffoKasameAhcmeo. HpeflnojiojKHM, hto Hao6opoT - cyiii,ecTByeT 



Torfla KapflHHaji 7^"^ TaKJKe npHHafljiejKHT Kjiaccy SIN^"^; 

3TO MOJKHO yBHfleTb, nOBTOpHH flOKasaTejIbCTBO JieMMbI 18.101 Ta- 

KHM oGpasoM, BbinojiHHeTCH yTBepjKfleHHe AJ^"^ (ri, r2); ocTaeTca 
npHMeHHTb cjiejcTBHe 19. 7| Hcnojibaya T2 KaK T2 = T3, Tax KaK 



•KapflHHaji 7^/"^ €]7, 



,<air 
T2 L ■ 




no onpeflejieHHK). 
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10 AnajiHs neMOHOTOHHocTH a -<3pyiiKu^mm 

HTaK, BCHKHH HHTepsajI MOHOTOHHOCTH a-4)yHKII,HH He MOJKeT 
6bITi. "cjIHniKOM /I,JIHHHbIM" HO TeopeMB 1. 

OflHaKO TaKaa 4)yHKii;HH MoaceT 6biTb onpeflejiena na "/;oBOjibHO 
fljiHHHbix" HHTepBajiax; nanpHMep, dpynKi^m aS^"'^ mo^kbt 6biTb 
onpeflejiena na saKjiroHHTejibHOM npoMejKyTKe T"^ fljiH bchkofo 
floCTaTOHHO 6ojibmoro S I Nn-Kapfl^nnajia ai < k (jieMMa 8.9 ). 
CjieflOBaTejibHo, ee mohotohhoctb napymaeTCH na neKOTopbix op- 
flHHajiax H3 TaKoro npoMejKyTKa. 

KaK 3TO cjiynaeTCH? B 3tom paa^ejie anajiHSHpyioTCH Bce cyme- 
CTBeHHbie cjiynan noflo6Hbix HapymeHHit. J^Jisi SToro nyjKHO BcnoM- 
HHTb 4)opMyjiy A2°'^{ti,T2,T3) (cm. onpejejieHHe 18.1 1 1.4 fljia 

A^"i(ri, T3, aS/"^) A n + 1< T2 < TsA 

At2 = sup{r < rg : Vr',r"(ri < r' < r" < r ^ a5<"i <a5<f^) }. 

Sflecb yKasbiBaeTca, hto T2 - 3to MUHUMaAtHuu opflHHaji, na ko- 
TopoM HapymaeTCH mohotohhoctb cjayHKi^HH aS^'^^ na HHTepBajie 
[Ti,r3[ . TaKHM o6pa30M, bo Bcex paccyjKfleHHHX SToro naparpa- 
4)a paccMaTpHBaeTCH HeKOTopaa neMOHOTOHHOCTb ^2 (''"ij ''"21 "^3) 
Ha HHTepBajiax [ri , rs [ b pasjiHHHbix CHTyaii,HHX (ho ycjioBHe 
SIN^"^ (7T3) MOJKBT 6biTb OHyn^eno Bes^e, KpoMe nocjieflneft jieM- 
MBi fTfTBl V 

JieMMa 10.1 

Uycmb 

(i) ArHn,r2,r3); 

(ii) SINn""^^ n7<°i C 5IiV<"i. 
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1) a<"i = l Ha ]ti,T2[, a<"i=0 u 
/JoKaaameAbcmeo. BepxHne HHfleKCbi < ai, <\ ai 6yflyT onyc- 

KaTbCH. TaK KaK 4)yHKII,HH aSf MOHOTOHHa Ha ]Ti,r2[, TO H3 

TeopeMbi 1 cjieflyeT, hto 

]^r„lrA^SINn = 0. (10.1) 

Cxoa Ha KapflHHajie = af^ paccMOTpHM HH»ce 4)yHKu;HK) 

CtSj^" . Ho yCJIOBHK) (a) H JieMMe [5?71 06 a6cOJIK)THOCTH OHa COB- 

HaflaeT c aSf na ]ti,T2[ h MOHOTOHHa na btom HHTepBajie. 
HoaTOMy 5^-2 ^Tru HHane 5^-2 G]7th7t2[ BonpeKH (ii), (110. 1[) . 
EcjiH Tenepb a^-j = 1, to no jieMMe I9l2] 

OdaS f{Ti,T2) < Od{aSr2) 

HecMOTpH Ha (z) H HOSTOMy Ot-j =0. To JKe caMoe HOJiynaeTCH, 
ecjiH 

Vr < T2 3t' G [t;t2[ a^' = 0, 

TaK KaK B 3TOM cjiyHae 6jiaro/;apH ycjioBHro [i) mojkho paccMOT- 
peTb rf G Jt"!, T"2[ TaKOH, hto fljia S"^ = aS'y-j 

a,2 = 0, aS',2 > (10.2) 

BjiaroflapH saKjironeHHro 2) h jieMMe 3.2 |29) 06 orpaHHHeHHH ny- 
Aeean MaTpHH,a S'^ HOJiynaeT neKOTopbie flonycTHMbie hochtcjih 
a € ]7^2, 7^2_,_]^[ KaK pesyjiBTaT orpaHHHeHHH S'/A'^„_i-KapflHHajioM 
'^rl+i cjieflyK)iii,ero S„_i-yTBep>KfleHHH 

3a (^7^2 < a^35,a,p{6 < 7^, A5/iV<"'^(7^jA 

(10.3) 
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AaK^+i (0, 6, 7^2 , a, p, S"^)) ) , 

KOTOpOe BbinOJIHHeTCH HHJKe 7^2 TaK KaK OHO BbinOJIHHeTCa 

fl^jisi a = a-r2 HHJKe ai. 

CjieflOBaTejibHO, hs (|10.2p . (|10.3p cjie^yeT, hto MaTpHii,a 5^ sa- 
npemaeTCH fljiH onpeflejieHHH MaTpHHHoro SHaneHHH 05^2 no 
onpeflejieHHK) 18.31 2) . 

Ho 3TO MOJKCT cjiyHHTbCH, TOJibKo ecjiH 5^ Ha a nodaejiena 

7^2, HTO BjieneT S'/A'„(7^2) BonpeKH (jlO.ip . 

HosTOMy 

3t < T2 Vr' G [t,T2[ Qr' = 1, 

H jieMMa \9A\ BjieneT a,- = 1 na ]Ti,r2[ . 

H 

OTcrofla H H3 TeopeMbi 1 cpasy JKe BbiTeKaeT 

CjieflCTBHe 10.2 

Uycmb 

(i) Arnri,r2,r3); 

]7<"^7<°^]n5/iy<°^/0. 

i J 7-^"^ ~ 9fno HacAednuK Kapdunana 7^"^ e SIN^'^^ ; 

2) a<"i = 1 na ]ri,r2[, a<"i =0 u 

3) S<"^ <7^i"^- 

H 

JieMMa 10.3 

/Jt/cmb 

Ar^(ri,r2,r3); 
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(li) a<"i = 1. 

Tozda dnsi Kapdunana npedcKauKa o? = a^°^^ cymecmeyem op- 
duHQA 

n = mm{r G Jn, : 7<"^ G SIN<"'} 

maKou, umo: 

1) j<-^<6<-\ j<--^SIN<-^; 

2) a<"' = a<°i = 1 on ]Ti,n[; 

3) OiS^" MOHomoHua Ha [Ti,r*[ u 

4) Oda5<"^(ri,n) > Oti(a5<"i)- 

floKasameAhcmeo. BepxHHe HHfleKCbi < ai, <l ai 5y/iyT onyc- 
KaTbCH. Bo-nepsbix, nyjKHO OTMeTHTb, hto 7^-1 < 6^2-, HHane (ii) 
H jieMMa W7I\ HapvmaKJT ycjioBHe (i). 

SaTBM, H3 jieMMbi [10.11 H ycjioBHH (i), (m) cjieflyeT, hto HMeeTCH 

2 -It 

cjieflyromHH op/;HHaji HHJKe Kap/;HHajia npe/;cKaHKa a = Otj: 
n = min{r > n : 7^ G (5/iVn°' " SINn)}. 

HaHHTepsajie [Ti,r*[ 4)yHKii;HH aSj MOHOTOHHa h no TeopeMe 1 
(fljiH BMecTO ai) Kapflnnaji 7^-^ HBjiaeTCH HacjieflHHKOM 

7t-j b Kjiacce SIN^"' . Bjiaro/;apH jieMMe 19.31 4)yHKii;HH aS*/ 
CTa6HjiH3HpyeTCH Ha HHTepBajie [ti , t^, [, nosTOMy fljia neKOToptix 
To € ]ri,r*[ H S"*^ BbinojiHHeTCH yTBep^Kflenne Vr > tq = 
HHJKe 7t-^. CjieflOBaTejiBHO, hh^kc 7^-, cnpaBefljiHBO 6ojiee 
cjia6oe yTBepjK/;eHHe: 

w(to <t ^ 3S{S = aSr A S>S°)^ . 

Oho MOJKeT 6biTb ccJjopMyjiHpoBaHO b n„-4)opMe, KaK 3to 6bijio 
cflejiano b /;oKa3aTejibCTBe jieMMbi iQ^l nocpejcTBOM yTBepjKfleHHH 
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(|9.4p . rfle rfg, aS^^ cjie^yeT saMeHHTb na tq, S''^ cooTBeTCTBen- 

HO. 

3aTeM KapflHHaji 7t-, npoflojiJKaeT 3to yTBep^Kflenne flo h 
nosTOMy no ycjioBHK) (i) 

/O = OdaSf{Ti,T^:) > Od{aSr2)- 



^ajiee, oGcy^HM eflHHHHnyK) xapaKTepncTHKy. JleMMa 3.2 |29] h 
ycjioBHH (z), (ii) BjieKyT, hto cymecTByioT neKOTopbie flonycTH- 
Mbie HOCHTejiH a-MaTpHu; eflHHHHHoii xapaKTepncTHKH, pacnojio- 
jKeHHbie KOHcJjHHajibHO KapflHHajiy 77-^, KaK sto npoHcxoflHjio 
HecKOJiBKO pas Bbime. HosTOMy TaKne HOCHTejin flOJiJKHbi 6biTb 
TaKJKe B HHTepBajie ]7^^,a^[ , Hnane Kapflnnaji 7^, 6biji 6bi 
onpe/];ejiHM HHJKe BMecTe c opflnnajioM p, a Tor/];a no jieMMe 
4.6 [29j nojiynaeTCH npoTHBopenne: 

p < Od{aSr2)- 

OcTajiocb npHMeHHTb jieMMy 3.2 |29j . 19.41 (r^e t^, o? nrparoT 
pojib r2, a\ cooTBeTCTBenno) hto saBepmaeT /;oKa3aTejii.cTBO, 
TaK KaK aoj , coBna^aroT c ab^ , na [Ti,r=i,[ 

corjiacHo jieMMe 1^771 06 a6cojiK)TnocTn. 

H 



C noMon^BK) paccyjKflennn, Bnojine anajiornnnBix flOKasaTejiBCTBaM 
jieMM [Tomil0.3| jierKo ycTanaBjiHBaeTca 



JleMMa 10.4 

Ilycm-b 

(i) Ar^(ri,r2,r3); 

(ii) V7 < 7<"i3r (7 < 7<°' A a<°' = 1) Bar o? = a- 
(Hi) a<"i = 0. 
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Tog da 

2) 3r G ]ri, (a<"i = 1 A a5<°i > aS<"i)- 



floKasameA'bcmeo. BepxHHe HHfleKCbi < ai, < ai 5y/iyT onyc- 
KaTbCH. KaK o6i.iHHO, paccMOTpHM CHTyai^HK) HHJKe, CToa Ha = 
Ora- HpeflnojiojKHM, HTO (5^-2 £]7ti)7t2[; 3flecb flocTaTOHHO pac- 
CMOTpeTb cjieflyioiii,He flsa cjiynaa: 

Cjiynaft 1. bn^Tr^i n 5/7V<" C 5/Ar„, Tor;;a CHOsa (5yK- 
BajibHO KaK 3TO 6mjio b flOKasaTejibCTBe TeopeMbi 1 ) 4)yHKii,HH 
aSf MOHOTOHHa Ha HHTepBajie [ti, T2[, b to BpeMH KaK HHTepBaji 
]^^^,7^2[ coflepjKHT S'/A'^„-Kap/;HHaji , b npoTHBopenHH c 
TeopeMOH 1. 

CjiynaH 2. [7tu7t2[ ri SIN^"' ^ SINn- B stom cjiynae nyjK- 

HO CHOBa npHMeHHTb TeXHHKy OrpaHHHeHHH-H-npOflOJIJKeHHH, 5yK- 

BajiBHO KaK 3TO 6biJio cflejiano b flOKasaTejibCTBe nacTH la. jieM- 
Mbi 19.41 CnaHajia noBTopHM apryMeHT h3 ;;oKa3aTejibCTBa jieMMbi 
10.3 KacaTejiBHo 4)yHKii,HH aSf, onpeflejieHHoft na HHTepBajie 
]ri,r*[, me 

7^, = mill (^5/A^<°' - 5IiV„) u ar = \ on ]ri,n[ 

6jiaroflapH ycjioBHio [ii). Wo TeopeMe 1. t*, o? KaK r2, a\) 

H ycjioBHK) (i), Kap/;HHaji 7^-^ HBJiaeTCH HacjieflHHKOM KapflHHajia 
7t-i b SIN^'^ . CjieflOBaTejiBHO, yTBepjKfleHHe 

Vr > Ti = 1 

BbinojiHHexcH HH>Ke 7-r» ; B 3TOM HeTpy/];HO y6e/];HTbCH c noMoni;bro 
ycjioBHH (ii) H jieMM 3.2 f29j. 19.41 3to ycjioBHe mojkho ccjaopMyjiii- 
poBaTb B n„-4)opMe 6yKBajibHo KaK 3to 6bijio cflejiano b flOKasa- 
TejibCTBe HacTH la. jieMMbi WM c KaK t\: 
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V7(7n <7 AS/iV:„_i(7) 

35, a, p, S (5IiV<"" (7,, ) A aK^^^ (1, 6, 7, a, p, S)) ) . 

Ilocjie 3Toro S'/A'^^^-KapflHHaji 7^-, npoflojiJKaeT 3to npefljio- 
jKeHHe flo h noBTOMy 07-2 = 1 BonpeKH ycjioBHK) (iii). 
HTaK, < 7ri; flJiH saBepmeHHH flOKasaTejibCTBa cjie^yeT npn- 
MeHHTb jieMMy 9.2. HpeflnojiojKHM, hto 

3Te]Ti,T2[ VT'e[T,r2[ O^' = 0, 

Torfla no 3toh jieMMe mohotohhoctb 4)yHKii;HH aSj na ]Ti,r2[ 
BjieneT 

OdaS f{Ti,T2) < Od{aSr2)-, 

Hapymaa ycjioBHe (i). 3to npoTHBopenne BMecTe c [i) ycTanaBjiH- 
BaeT 2) H saBepmaeT flOKasaTejibCTBo 3toh jieMMbi. 

H 

CjieflyiomaH jieMMa 6yfleT HcnojibaoBana b KOHii;e flOKasaTejib- 
CTBa ocHOBHOH TeopeMbi, CHOBa nojiaraacb na 4)opMyjiy ^°^"i(r) 
(nanoMKHM onpenejieHHe [8?T] 3.2 ): 

37 < ai (7 = 7<"i A -3a, 5, a, p < ai3S <\ p (K^<"^ (7, 4) A 

AaK^^'^Ha,^,7,«,/>,S))), 

osHanaiomyio, hto ne cymecTByeT a-MaTpHii,bi na KaKOM-TO hoch- 
Tejie a > 7^"^, /;onycTHMOH ji^jir It"'^ hh^kb ai. 
CooTBeTCTBeHHO, Hepes ^'j''^"^ (ri , r2 , ) oGosHanaeTCH cjjop- 

Myjia (nanoMKHM onpenejieHHe WJ\ 1.1 flJiH Xi = aS^°'^): 
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TaKJKe 5yfleT Hcnojii.30BaTi.CH cJaopMyjia Ag^"^ (ri , r2 , rs , aS'j ) (na- 
noMHHM onpenejieHHe l8?2] 3.3 ): 

JleMMa 10.5 

(^iij T2 < T3 u S'^ 3mo Mampwua xapaKmepucmuKU na 
HocumeAe 

coxpaHRwmasi S I N^"^ -Kapdunanu < 7^"^ hudke ai u 06- 
AadawmaH npou3eodfmj,UM co6cmeeHHUM ducceMunamopoM 5^^ ; 

(m) <5^'<7<"i. 
Tozda a'^ = 0. 

AnaAoauHHO dnsi bchkozo ducceMunamopa 6 Mampuii,u na 
c AK>6ou 6a30u p > ■ 

floKasameAhcmeo. KaK o6i.iHHO, Mi.i 5y/;eM iiccjie/;oBaTi. CHTy- 
aii;HK) HHJKe, ctoh na Kapflnnajie npeflCKaHKa a = h pac- 
CMaTpHBaa /;HcceMHHaTop 6^^ c 6a3oii /;aHHi.ix p^ = p^^ = pi, 
pi = Od{S^); BepxHHe HHfleKCi.1 < ai, <l ai 5yflyT onycKaTbca 
fljiH HeKOToporo yflo6cTBa. 

^onycTHM, HTO 3Ta JieMMa neBepna h = 1, Tor/;a 6^ pp- 
nycTHMbiit H Heno/i,aBJieHbiH /;HcceMHHaTop MaTpiiii,bi 5^ na 03 
fl^jia KajK/;oro 7,- € ]Ti,r3[ h no jicmmc \^?2\ a-r = 1 na ]ti,T2[ h 

0(ia5j(ri, < Od{aSr^). 
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Hs JieMMM 19.51 cjieflyeT, hto 6jiaro/;apH ycjioBHio (iii) 4)yHKii,HH 
aSf HeMOHOTOHHa na [Ti,r2[ (nanoMHHM cjiynaft 2. b flOKasa- 
TejibCTBe nyHKTa 3. jieMMBi 1931 ) h nosTOMy cymecTByeT T2, flJiH 

KOTOporO BbinOJIHHeTCH 

^0(ri,T^,T2). (10.4) 

Tenepb cjie^yeT noBTopHTb paccyjK/;eHHe h3 cjiynaa lb. /;oKa3a- 
TejibCTBa jieMMbi 19.41 HnjKe a"^ cnpaBe/i,jiHBO cjieflyioiii,ee Sn+i- 
yTBepjKfleHHe no jieMMe 18771 06 a6cojiK)THOCTH (nanoMHHM (19. 8 p ): 

37°3r{,r^',r^ < 7° (5IiV„ (7° )A7</ < 7</ < 7</ < 7°A 

A^°^^°(r(,r^',r^,a5;^") A Vr'" G ]r(,r^'] a<f = lA (10.5) 

Oho COflepjKHT HHflHBHflHbie KOHCTaHTbl < H aS^^ < p^, 

no3TOMy flHcceMHHaTop (5'^^ orpannnHBaeT 3to npefljiojKeHne h 

OHO BblHOJIHHeTCH yjKe HHJKe (^'^ . 

Tenepb nepeftfleM k CHTyaH,HH HHJKe KapflHHajia Hpe/;cKaHKa 
= a^i eflHHHHHoii MaTpHu;bi aS^i na HocHTejie a j . Ho ycjio- 

BHK) (i) 7t-j G SINn, noBTOMy no JieMMe 18.51 1) nojiynaeTCH 
jri G SIN<'^\ TaK KaK 5^' < -f^ h G SIN<'^' , to JieMMa 
3.8 [2H] (flJia a'^, 7ti KaK ai, 02) BjieneT J"^^ = 7,-^ hjih 
5^^ G SINn^'^^', saTeM ns toh JKe jieMMbi (flJia Jn KaK 02) 
BbiTeKaeT 

OTCK)fla H H3 jieMMbi 18.51 1) cjieflyeT snanHT, b 

yTBepjKfleHHH (110. 5p mojkho saMennTt 7" na no jieMMe 18.71 
06 a6cojiK)TnocTH, a Tor/i,a no JieMMe 18.51 5) ( flJiH a^^ KaK a) 
Mbi nojiynaeM npoTHBopenne: a^-^ = BonpeKH TOMy, hto a,- = 1 
na BceM nnTepBajie ]Ti,r2[ . 

H 
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Tenepb cnei],HajibHasi TeopHsi MaTpHHHbix (JpyHKi^Hit pa3pa6o 
Tana flOCTaTOHHO fljin Toro, htoSh npncTynHTb k flOKasaTejibCTBy 
ocHOBHOH TeopeMbi. 



FjiaBa III 

npHjio:»ceHH5i cneii,HajibHOH xeopHH 



11 ^OKasaxejibCTBO ochobhoh TeopeMbi 

HpoTHBopeHHe, /i,OKa3biBaiomee ocHOBHyio TeopeMy, /i,ocTHraeT- 
CH cjieflyromHM flHaronajitHMM paccyjKfleHHeM: 
C oflHOH CTopoHM, HO jieMMe 8.9 4)yHKii;Ha aS^^^ onpeflejiena na 
HenycTOM MHOJKecTBe 

= {r : a5* < 7r < ai} 

fljiH KajKfloro flocTaTOHHO 6ojibmoro KapflHHajia ai € SINn- 
Ee MOHOTOHHOCTb Ha 3TOM MHOJKecTBe HCKjiioHeHa no TeopeMe 1. 
Ho c flpyroH CTopoHbi, 3Ta mohotohhoctb ycTanaBjiMBaeTCH cjie- 
flyiomeft TeopeMOH j\rr KajK/;oro 5'/A'^„-Kap/;HHajia ai > a5* 

BCHKOii /;OCTaTOHHO 6oJIbmoii KOHcJjHHajIbHOCTH. HanOMHHM, HTO 

orpaHHHHBaromne KapflHHajibi ai Bcer^a npeflnojiararoTCH 3k- 

BHHHcJjOpMaTHBHblMH C X* i TO eCTb HTO Bcerfla BbinOJIHHeTCa 

^g(x*,ai) (cm. onpejejieHHe 18.11 5.1 flJiH x = X*) ck*^ = Q^i)- 
TeopeMa2. 

Uycmb (fiyHKii^uR aS^°'^ onpedeAena na HenycmoM mhooke- 
cmee 

= {r : 7<"^ < 7<"^ < «i} 
maKOM, umo ai < k u: 

(i) n = mm{r : Vt'(7<"i < 7<"i ^ r' G (iom(a5<°i))}; 
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(ii) supSIN<''^ 



(in) c/(ai) > X* 



Tozda ama cf)yHKV,UH aS 



f 



MOHomoHHa Ha amoM MHOotce- 



cmee: 



Vri,T2 G (n <T2^ aS<"^<a, 




JJ^OKasameAbcmeo. IIjiaH SToro flOKaaaTejibCTBa coctoht b cjie^y- 
lomeM: 

PaccyxcfleHHe Sy^eT npoBOflHTbcsi HHflyKLi,HeH no Kapflnnajiy ai. 
IIpeflnojioxcHM, HTO 9Ta TeopeMa neBepna h KapflHHaji - mu- 
uuMaAmiuu, HapymaiomHH 3Ty Teopeiviy, to ecTb (|)yHKn,Hsi aS^°^^ 

HCMOHOmOHHa Ha MHOJKeCTBe 



c yKasaHHbiMH cBoftcTBaMH fljia HeKOToporo rj*; TaKHM 

oSpaaoM, npHHHMaeTca nepean UHdyKmueHon sunomeaa: 



CTBe T"^! CO CBOHCTBaMH . 

Hs TeopeMbi 1 cpasy JKe cjie^yeT, hto 3tot a[ - 3to npocTo mu- 
HUMcui'bHuu KapflHHaji tti, fljiH KOToporo TaKoe MHOJKecTBO 
cymecTByeT, noTOMy hto fljia KajKfloro a\ < a\ sto MHOxcecTBO 

He cyni;ecTByeT, TaK KaK ^ymaxaa aS^°^^ na TaKOM hcmo- 
HomoHHa no TeopeMe 1 n b to JKe BpeMH MOHomoHHa no nepBoit 

HHflyKTHBHOH THnOTeSe O MHHHMajIbHOCTH CK^. 

Bee paccyxffleHHe Sy^eT npoBOflHTbca nnjKe a* (h Bce ne- 
peMennbie 6y^yT orpannnnBaTbCH 3thm a^), hjih nnjKe orpa- 
nHnHBaion],HX KapflnnajiOB ai < aj, no3TOMy Bepxnne nnfleKCbi 
< a* , <I a* Sy^yT onycKaTbca pjiK nexoToporo y^oScTBa BnjiOTb 
flo KOHn,a flOKasaTejibCTBa TeopeMbi 2. 




MOHomoHHa na MHOxce- 
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CnaHajia oTMeTHM, hto b ycjioBHsx TeopeMti 2 BbinojiHaeTca 

HTo6bi y6eflHTbCH b stom /i,ocTaTOHHO eme pas noBTopHTb apry- 
MeHT, yjKe npHMeHeHHbiit Bbime necKOJiBKO pas (cHanajia b flpKa- 
saTejibCTBax jieMM 7.7, 8.10 ). Bjiaroflapa STOMy HeTpy^HO BH^eTb, 
HTO flJiH Kajicdoso flocTaTOHHO 6ojibmoro op/i,HHajia r| G T"i hh- 
TepBaji [7^-* , 7r| [ MOJKeT paccMaTpHBaTbCH KQK 6jiok, to ecTb cy- 
mecTByroT neKOTopbie opflHHajibi t^', t|, rj*^ KOToptie BbinojiHH- 
lOT yTBep>K/i;eHHe (nanoMKHM onpenejieHHe 18. II 1.6 flJiH Xi = aSf, 
X2 = a/): 

Alirl, rf, r2*, r^, rj*^aSf,af). 

3jiecb (corjiacHO 3TOMy onpejiejieHHK3 l8.1l ) r*' 3to HH^eKC MaTpn- 
Li,i.i aS.,-*! eduHUHHOu xapaKmepucmuKU a^*i = 1 na ee HOCHTejie 
a^*/ H ry*^ — thh 3Toro HHTepBajia. 

/],ajiee, 6jiaroflapH ycjioBHio {in) 3toh TeopeMbi 2 mbi MOJKeM hc- 
nojibsoBaTb HHflfiKC r| € T"i TaKoft, hto HHTepBaji [7^-* , 7r* [ 

HMeeT HMeHHO THn 

Tenepb 4)opMyjia K*^ nanHHaeT fleftcTBOBaTb h saMUKaem dua- 
zoHQAbHoe paccyMcdtHue: 

PaccMOTpHM MaTpHii,y OiSr* Ha HOCHTejie a-r* BMecTe c ee flHcce- 

MHHaTOpOM (5*^ = 5r* H 6a30H flaHHblX p*^ = Pr*\ Mbl yBHflHM, 

HTO no jieMMe 110.51 ona HMeeT HyAeeym xapaKTepncTHKy na 3tom 
HOCHTejie. 

Ctoh Ha KapflHHajie npeflCKanKa a*^ = a^, cjieflyeT paccMOTpeTb 
CHTyau;HK) HHJKe 3Toro a*^: 

HOHTH OHeBHJHO. HTO HO JieMMe 18.81 JHCCeMHHaTOp 5*^ HOHa/i,aeT 

B HeKOTopbiii MaKCUMaAbHuu 6j[ok [7,-*, 7*'^[ hhjkc a*^ THHa 
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V < X ) rfle 7^ 3to neKOTopbiH 7 ,, . HeTpyflHO BHfleTb, 

HTO 

nosTOMy BbinojiHHeTCH 

<^^""(rr, rr, T2*, rj*^' , aS<-*\a<^"). 

Be 3TH 4)aKTi.i BMecTe cocTaBjiHK)T nocbijiKy jieMMbi 8.5 6): 

a,. =0A7<*"*'<?*3<7<f'A 
1 ^3 

CjieflOBaTejiBHO, 3Ta jieMMa bjibhSt 
H BO BCHKOM cjiyHae 

Ho Mbl yBHflHM CKOpO, HTO 3TO HCBOSMOJKHO, TaK KaK HO JIBMMe |93] 

o cpesaHHH jiecTHHii,bi CBepxy h no JieMMe 111.31 (ycTanoBjieHHOH 
HHJKe) BbinojiHseTca: 

p*^ < Od{aS^j>). 

3to npoTHBopenne saBepniHT flOKasaTejibCTBo TeopeMbi 2. 

HTo6bi ocymecTBHTb HSJioxcenHbili njian nyjKHa neKOTopaa flo- 
noHHTejiBHaa HHcJjopMai^Ha. 

PaccyjKfleHHe, onHcannoe Bbime, nojiaraeTca na cjie/i,yiii,He necjiojK- 
Hbie BcnoMoraTejiBHbie jieMMbi 11.1, 11.3, KOToptie npeflCTaBJiaroT 



11. ^OKasaTejibCTBO ochobhoS xeopeMbi 



113 



co6oft ero "necymyio KOHCTpyKii,Hio" h onncbiBaioT neKOToptie cy- 
mecTBeHHbie CBoftcTsa nosefleHHH Hyjiesbix MaTpnu,; ohh He 6mjih 
npeflCTaBjieHbi panee no npHnnne hx /i;oBOJibHO cnei^najibHoro xa- 
paKTepa. C 3toh ii,ejibio cjie^yeT BcnoMHHTb 4)opMyjiy (cm. onpe- 
HejieHHe 18.11 1.1 ^jih Xi = aS^"^) 

Ti + 1 < r2 A Ti = min{T : ]t,T2[ Q dom{aS'^"'^)} 

HanoMHHM TaKJKe, hto mm nacTO onycKaeM o6o3HaHeHHH 4)yHKii;HH 
qSj "\ Oj"^ B HanncaHHHX 4)opMyji HHJKe oi; nanoMHHM TaKJKe, 

HTO THH HHTepBajia [7^"^ , 7^"^ [ HHJKe ai - 3TO THn MHOJKeCTBa 

(cm. onpejejieHHe 18. II 1.3 ): 

{7 : 7.?^ < 7 < A SIN<"^{j)}. 

HpeflBapHTejiBHO cjie^yeT ocTanoBHTbCH na cjieflyromHX flonojiHH- 
TejiBHbix apryMBHTax, yfloGnbix fljiH coKpamenna nocjieflyromHX 
paccyjKfleHHH; c 3toh u^ejibio nyjKHO bbbcth Taxne hohhthh: 

HHTepBajI [ti,T2[ H COOTBeTCTByiOIIl,HH HHTepBaji [7^"^,7^"^[ 
6yflyT HaSblBaTbCH HHTepBajiaMH MaTpHHHOft flOnyCTHMOCTH, hjih 

npocTO unmepeajiaMU donycmuMocmu, hhjkc oi, ecjiH fljia KajK- 
floro r' G ]Ti,r2[ cymecTByeT HCKOTopaa Q-MaTpHLi;a S na 
HCKOTopoM HOCHTejie > 7^"^, donycmuMOM 7^"^ HHSce 

Vr' G]ri,r2[ 3a', (5', a', p', 5' aK<^^{a' ,5' ,-i<r\a\p' ,S'), 

H 7^"^ G SINn, It-^^ € SINn H Ti - 3TO MHHHMajIBHBIH OpflH- 
Hajl C 3THMH CBOHCTBaMH. 

3aTeM, HyjKHO o6paTHTbCH K CJieflyiOIIl,HM CBOftCTBaM npOH3BOJIb- 

Hoit HyjieBoft MaTpHii,bi S na ee HOCHTejie a, /i,onycTHMbiMH p^jis 
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7^"i BMecTe CO cbohmh MUHUMaAtHUM donycmuMUM fl^ncceMH- 
HaTopoM 6 c 6a30H p HHJKe ai fljia ai < : 

(la.) ecjiH 7^°^ < Jr2^^ — It"^ ^ ^ nona/;aeT b HHTepBaji 
/i;onycTHMOCTH [7^"^ , 7^"^ [ , to ecTb 7^"^ < (5 < 7^"^ , to 

(lb.) ecjiH cymecTByeT neKOTopaa nyjieBaa MaTpHii,a 5^ na 
HCKOTopoM dpyzoM HocHTejie 7^ a, tojkb flonycTHMaa ^jih Toro 

>Ke 7^"^ BMeCTe C cbohmh MHHHMaJIbHblM /;onycTHMbiM /;HcceMH- 
HaTopoM 6^ c 6a30H p^, to S na q nenodaeAena fljiH 7^°^ 

BMeCTe CO CBOHMH 5, p HHJKe «!. 

ripOBepKa 3THX CBOHCTB 5yfleT npOBOflHTbCH HHflyKn,HeH HO TpOH- 

KaM (ai,a,r), ynopHflOHeHHbiM KaHOHnnecKH KaK oGbihho (c ai 
KaK nepBbiM komhohchtom, a - BToptiM h c r - TpeTbHM). 
HpeflHOJiojKHM, TpoHKa {ai,a^ ,T^) - MHHHMajibHaa napymaK)- 
n;aa (la.) hjih (lb.); TaKHM o6pa30M npHHHMaeTca emopafi undyK- 
muenaH zunomesa: 

fljia BCHKOH MeHBHieli TpOHKH (cti, «, t) bbihojihhedtch (la.) H (lb.). 
Mbi yBHflHM, HTo 3TO BbisbiBaeT HpoTHBopeHHH; npeflCTOHn],ee f\o- 
KaaaTejibCTBO SToro 6yfleT npoBOflHTbca hhjkc a^, nosTOMy Bepx- 
HHe HHfleKCbi < a?, < a\ KaK oGbihho 5yflyT onycKaTbCH (bhjiotb 
j\o cneu;HajibHoro saMenaHHH, ecjiH kohtbkct He yKajKeT hbho na 
flpyroH cjiynaii). 

1. HaHHeM CO CBoftcTBa (la.); flonycTHM, oho napymaeTCH, to 
ecTb cyHi,ecTByeT nyjieBaa MaTpHU,a 5" na ee HOCHTejie a" > 7^0 
C ee MHHHMajIBHblM flHCCeMHHaTOpOM 5^ c 6a30H p", Bce flOHy- 
CTHMbie flJiH 7^0, H (5" HOHa/;aeT b unmepeaA donycmuMocmu 

[7rO,7rO[> HO 

7^0 < 5^ < 7^0 < 7^0 , mo ecnib 6^ = 7^0 , < < . 




OTCK)/];a H H3 jieMMbi 3.8 [22] HeMefljienno cjie^yeT, hto 



5" G SIN, 
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TaK KaK (5° < 7,0, 5° e 5/iV<"°^, 7,0 G SINn- 

Ho onpeflejieHHK) HHTepBajia /;onycTHMOCTH cymecTsyeT neKOTO- 

paa MaTpHii;a aS^o na ee HOCHTejie a,o, flonycTHMbie fljiH 7,0 

BMecTe c ee MHHHMajibHtiM flHcceMHHaTopoM 6^0 c 6a3oii p,o 

(see 3TO HHJKe a5)- 

Hs BTopoH HHflyKTHBHOH THnosbi cjieflyeT, HTO MOJKHO paccMaTpH- 
BaTb 5,0 = 7,0; noBTOMy h3 jieMMM 3.2 |29) cjie;];yeT, hto fljia 
KajKfloro 7, € ] 7,0, 7,0 [ MaTpHLi,a aS^o o6jia/;aeT mhophmh ho- 
CHTejisMH a € ]7,, 7,+! [, flonycTHMtiMH 7,, KOTopbie neno- 
flaBjieHbi fljiH 3Toro 7, 6jiaroflapH Toii >Ke HH^yKTHBHoft rnnoTese, 







noBTOMy BbinojiHHeTCH yTBepjK/];eHHe Ai{Ti,T^,aSj ^] 



A^{T^)AA,{TlTlaSp) 

HHJKe a^. Te me apryMeHTbi fleftcTByroT HHJKe Kap/i,HHajia npefl- 
CKaHKa a^^, no3TOMy HHJKe a^^ TaKJKe BbinojiHaeTCH: 

^jiH npoHSBOflamero /i,HcceMHHaTopa 6^ MaTpHLi,bi na c 
Toii ace 6a3oli bto BjieneT: 

50 < 7,0, (11.2) 

TaK KaK B npoTHBHOM cjiyHae 6^ nona^aeT CTporo b HHTepBaji 
;];onycTHMOCTH ] 7,0 , 7,0 ] : 

7,0 < 5° < 7,0, (11.3) 
a Torfla npoflOJi>KaeT flo a^^ n„+i-npefljiojKeHHe o flonycTH- 



MOCTH HeKOTopbix MaTpHu; fljiH KajKfloro 7^" ■ > 7,0 HanpHMep 
Tax, KaK 3TO 6bijio cfl^ejiano b /;oKa3aTejii.cTBe jieMMbi 7.5 1), rpfi 
B 4)opMyjie (7.2) nyjKHO Tenept CBHsaTb p^, KBaHTopaMH 



116 



Fjiasa III. npHjiOyKeHHa cneii,HajihHOH TeopHn 



cymecTBOBaHHH. TaKHe MaTpHii,M CTanoBHTCH p^ayKe Heno/;aBjieH- 
HbiMH fljia Bcex TaKHX 7^ no BTopoH HHflyKTHBHOH THnoTese 
(Bce 3TO HHJKe a*^'^); cjieflOBaTejibHO, BOSHHKaeT MHOxcecTBO T° 
CO CBOHCTBaMH , yKasaHHbiMH b TeopeMe 2, b npoTHBope- 

HHH c nepBoii HH/];yKTHBHOH rnnoTesoH a TeopeMoft 1, to ecTb c 

MHHHMajIBHOCTBK) Q!* . 

HaHHHaa c SToro MecTa paccyjKfleHne nepexoflHT k CHTyaii;HH HHJKe 
a^^ H BepxHHe HHfleKCbi < a^^, <l a^^ 6y/iyT onycKaTbca. 
HnjKe a"^ 4)yHKii,Ha aSj onpe/;ejieHa na HHTepBajie ]t3,T3[, 
rfle 7^1 HacjieflHHK Kapflnnajia 6^ b SINn, no jieMMe 18771 o6 
a6cojiK)THocTH. OTCK)fla H H3 (|11.2p cjieflyeT 

tI i dom{aSf), (11.4) 

HHane CHOBa BOSHHKaeT (|11.3p . hjih 5^ = 7^0 KaK pesyjibTaT 

MHHHMH3aiI,HH 5^ BHyTpH [7^0 , 7^0 [ B npOTHBOpeHHH C npeflHO- 

jiojKeHHeM (bcS sto hhjkb a^^). 

Ho pi.4p B03M0JKH0 TOjiBKO ecjiH /];onycTHMaH MaTpHii;a aS^o no- 
daeAena fljiH 7^0 , to ecTb ecjin BbinojiHHeTCH ycjioBHe noflaBjienna 

^5'*^ flJiH aS^o Ha a^o xapaKTepncTHKH a^o c 6a30H p^o (cm. 
onpe^ejieHHe 18.11 2.6 ) hhjkc a'^''^, — h Tenept Bce orpaHHHeHna 
HyjKHO noflpo6HO yKasaTb: 

a,o = A 5/iV<""''(7,o) A p,o < x*+ A (t(x*, a,o, 5,o)A 
A3^* < 7.o(^5r"'(7.o,r/*,a5<-"^|r3°,af °^|r3°)A 

A Vr'(7.o < A 5/iV<°°^7<"°') ^ (11.5) 

^ 3a',5'[7</' < a' < j<i[\SIN<^'\j<'^°')Aa{x* ,a' , S')A 
A AIT"' (7.0 , ^* , a'^ , a5<-'^ , ' )] ) ) . 
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CjieflOBaTejibHo, cymecTsyroT Kapflnnajibi 

7™ < 7* < 7^0 < 7^0 u npedeAbHuu mun rj* , 

KOTopbie BbinojiHHK)T Bce cocTaBjiHromne ero ycjioBna Af^-^ — Af^^ 
HHJKe a^^ (cm. onpejejieHHe 18 . Il 2 . 1-2 . 5 ); b nacTHOCTH, HHTepBaji 
[7^0, 7^0 [ HBjiaeTCH 6jiokom THna rj* 6jiaro/;apH ycjioBHro 

Al<-'\r?,rlr,*,aSf''\rlaf''\Tl) 

H3 ycjioBHH A^^^ (cm. onpeflejieHHe 18.11 2.4, 2.3 ). Bojiee Toro, 
cymecTBycT nocAedywu^uu aa hum MaKCHMajibHbiii 6jiok 

[7^0 , 7^2" ^ [ THna > rj* HUCHce a*^^. (11-6) 



'2 



^eliCTBHTejIbHO, paCCMOTpHM KapflHHajI 

TaKoii, HTO HHJKe a^^ 

T^^dom{aSf''°'^). (11.7) 

Torfla corjiacHO (jll.Sp cymecTByeT HCKOTopaa CHHryjiapnaa MaT- 
pHii,a S' Ha ee HOCHTejie q' > 7' c KapflnnajioM npe^cKaHKa a'^, 
coxpaHHromHM Bce S/A^^^^^^-KapflMHajibi < 7' h BbinojiHHromHM 
HHJKC a'^ ycjioBHe (nanoMHHM onpejejieHHC l^?T] 2.5 ): 

At%{j^o,rj*,a'\aSf\af'); 

OHO osHanacT, hto bbcb HHTepBaji [7^0 , a'^ [ noKpbiT 6jioKaMH 
THHOB > 7]* HHJKe a'^ . CpeflH HHX HMecTCH nocAedyK)UJ,uu 6jiok 

[7r^7^"'*[ muna >?]*, 
'2 
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no3TOMy MOJKHo paccMOTpeTb ero no/i,6jioK [7 , [ b tohho- 
CTH THna rj*. 

HanoMHHM, THn rj* ~~ npeflejibHbilt, nosTOMy fljiH KajKfloro 77- 
H3 3Toro nofl6jioKa cymecTsyeT MHoro pasHbix MaTpHHHbix hoch- 
Tejieit, flonycTHMbix fl^jia TaKHX jr no jieMMe 3.2 f2U\ 06 orpaHH- 
HeHHH; 6jiaroflapH BTopoft HHflyKTHBHoft rnnoTese Bce ohh neno- 
flaBjieHbi fljia Bcex cooTBeTCTByromHX 7,- - h Bce 3to HHJKe a'^. 
Tot JKe apryMenT ^eiicTByeT HHJKe a^^ h mbi B03Bpaiii,aeMCH k 
CHTyaii;HH HHJKe SToro Kap/;HHajia. H3 (|11.7p cjie^yeT 



'2 '2 



nosTOMy HHTepBaji [7 o,7ii"°^[ fleitcTBHTejiBHO HBjiaeTCH 6jiokom 

3 f"2 

THna rj*, no yjKe nnjKe a^^, KOTopbiit coflepjKnT /i,onycTHMbiH 
flncceMnnaTop 6^ MaTpnn,bi na a^. 

Ho 3TO cocTaBJiaeT npoTnBopenne. C o/;noH CToponti, MaTpHn,a 
flonycTHMa fljiH 7^-0 n Tor^a corjiacno saMbiKaron^eMy ycjiOBHio 
K*^ ona HMeeT flncceMnnaTop 6^ c 6a30H > r]*. Ho c flpyron 
CToponbi, npeflniecTByron^HH 6jiok [7^0, 7^0 [ nnjKe a^^ HMeeT 
TOT JKe THH r]* H coTjiacHO (|11.2p ero JieBbift Konen, 7^0 MOJKeT 
cjiyjKHTb flonycTHMbiM flHcceMHnaTopoM fljiH na c toh 
me 6a30H p^, h nosTOMy 5'^ < 7^0 6jiaroflapH MHHHMajibHOCTH 

6^, B HpOTHBOpeHHH C HpeflHOJIOJKeHHeM (lll.ip . 

2. HTaK, npefljioJKeHHe (la.) BbiHOjiHHeTca fljiH {a:i,a^,T^) h 

OCTajIOCb HpeflHOJIOJKHTb, HTO (lb.) HapymaeTCH flJIH STOii TpOHKH, 

H Mbi BOBBpan^aeMCH k CHTyau;HH nnace a^; 3to osHanaeT: 
HMeeTCH HeKOTopaa MaTpHii;a S^^ na HOCHTejie a^^ 7^ nyjie- 
Boii xapaKTepHCTHKH, flonycTHMaa flJiH 7*^ = 7^0 BMecTe co cbohm 

MHHHMajIBHblM flHCCeMHHaTOpOM S^^ H npOHSBOflHII^HM flHCCeMH- 

HaTopoM 5^^ c 6a30H p^^, 

HO Bce-TaKH Ha nop^asjieaa flJiH 7*^ = 7^0 (nnjKe aj); 

Mbl paCCMOTpHM MUHUMajlbHUU HOCHTejIb TaKOH S^"^ . 
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TaK KaK MaTpHLi,a na /;onycTHMa fljiH 7*^, to 3to no- 
flaBjienne osHanaeT, hto BbinojiHHeTCH ycjioBHe noflaBjieHHH (Ill.Sp 
HHJKe tti, TO ecTb fljiH a''^, 7^0, saMeneHHbix na a^j t'' coot- 

BCTCTBeHHO BBSfle B (Ill.Sp . 

OTCK)/];a cjieflyeT, hto 

noTOMy hto ecjiH a" > a"^, to BTopaa HHflyKTHBHaa rnnoTesa 
yTBepjKflaeT, HTO S^^ na a'^^ nenoflaBjiena fljia 7^^ HHJKe a^) 
TO JKe BpeMH OHa noflaBjiena tbm me ycjioBHCM noflaBJieHHH . Kpo- 
Me Toro, Ha - 3to eflHHCTBeHHaa MaTpHLi;a, flonycTHMaa 
fljiH 7'^ Ha HOCHTejie G ]7'',a^^[ corjiacHO MHHHMajibHOCTH 

Tenepb sto ycjioBHe (Ill.Sp . c a^, 'j^ bmbcto a^^, 7^0 cootbbt- 
CTBeHHO, yTBepjKflaeT cyn^ecTBOBaHHe KapflHHajioB (mbi coxpana- 
eM npeflbiflymne oGosnaHeHHH, htoGbi noflnepKHyTb anajiorHK) c 
paccyjKfleHHaMH b nacTH 1.): 

7 < 7 < 7rO < 7 u npeoeAbHoso muna r] , 

BbinojiHHromHx Bce cocTaBjiHsamne ero ycjiOBHH Af^^ — A^'^^; b 

HaCTHOCTH, HHTepBajI [7'",7*[ nOKpbIT MaKCHMajIBHblMH 6jIOKaMH 

THHOB, cymecTBeHHo Hey6biBaroni;Hx flo npeflejiBHoro op/i;HHajia tj*; 

[7* , 7^0 [ nOKpbIT MaKCHMaJIBHblMH 6jIOKaMH B TOHHOCTH THna T]* ] 

[7^o,7''[ TOJKe 6jiok Toro JKe THna r]* - h Tax /;ajiee. 

3th ycjioBHa OHpe/];ejiHK)T 7"*, 7*, 7^0, r]* eflHHCTBeHHbiM 
o6pa30M Hepea 7^^ hhjkb h sa^aroT oco6biH thh HOflaBjiHio- 
h];hh 3Toro hokpmthh; htoGbi o6cy>KflaTb ero yflpGuM cjie^yion^He 
BCHOMoraTejiBHbie S„-4)opMyjibi, HCHOjibsyron^He tojibko hohhthb 
flOHycTHMOCTH (naHOMHHM OHpeflejieHHe 18.21 5 ) : 

aK\j): 3a',S' aK{j,a',S'); 
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aK2(7) : 3a', S' 3a", S"{a' / a" A 



AaK(7, a', S') A aK(7, a", S")) . 



riepBoe H3 HHX osHanaeT, hto cymecTsyeT no KpaftHett Mepe oduH 
MaTpHHHbm HOCHTejib a' , flonycTHMbilt fljiH 7; BTopoe - hto 
cymecTByeT 6oAee odnozo TaKoro HOCHTejiH a' ^ a"; TaKHM 06- 
paaoM -iaK^(7) osHanaeT, hto TaKHX HOCHTejieft ne cymecTByeT 

BOBCe. 

TaK KaK THn r/* - npeflejibHbilt, to KaJKflbm MaKCHMajibKbiit 
6jiok [7^^ , 7t-2 [ H3 noKpbiTHH HHTepBajia [7* , 7^0 [ o6jiaflaeT cjie- 

/I,yiOIIl,HMH flByMH CBOfiCTBaMH: 

(i) ecjiH 7t- - BHyTpeHHHii Kapflnnaji b [7ti,7t2[i ''"1 < < T2, 
TO BbinojinaeTca 0X^(7,-); 3to cjie^yeT h3 BTopoft HH^yKTHBHoft 
rnnoTeBbi h jieMMbi 3.2 129] 06 orpaHHHeHHH; 

(ii) ecjiH 7t- - 3TO jieBbiit hjih npaBbiii Koneu, 3Toro 6jioKa, to 
aK^(7T-) HapyinaeTCH. 

B 3TOM MOJKHO y6eflHTbCH cjieflyioni;HM o6pa30M. Hpe/^nojioJKHM, 
HTO 7t- 3TO npaBbiH KOHeu;, 7,- = 7^-2 , Tor^a cymecTBOBanne neKO- 
TopoH S' H a', /;onycTHMoii 7^-2, BjieneT o6T.eflHHeHHe SToro 
6jioKa H cjieflyromero sa hhm 6jioKa [77-3 , [ b eflHHbift HHTepBaji 
flonycTHMOCTH [7^^ , 7t-3 [ THna 2r/* . H CHOBa no BTopon nnflyKTHB- 
noH rnnoTese n jieMMe 3.2 [27] cyn^ecTByeT necKOjiBKO MaTpnnnbix 
nocHTejien a', flonycTHMbix fljiH 7^-2, KOTopbie CTanoBHTCH neno- 
flaBjieHHbiMH fljiH 7t-2 h noBTOMy 4)yHKn;HH aSf CTanoBHTca 
onpe/;ejiennoH na bcSm nnTepBajie [ri , rs [, xoth [7^^ , 7^-2 [ 3to 
AtfflKCUAtayibHMU 6jiok (bcS 3TO nnjKe a\). JleBbm Koneu; 7t = 7ri 
nyjKno paccMOTpeTb anajiornnnbiM o6pa30M. 

CjieflOBaTejibno, KajK/;oro 7t-€[7*,7'^[ BbinojinaeTCH A„-|-i- 
4)opMyjia: 



neTpy/;no BH/;eTb, hto Ta >Ke CHTyan,HH BbinojinaeTCH nnjKe a 
no TBM JKe npnnnnaM. 



aK2(7,) v-aKi(70; 




,01^ 
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^ajiee npoH3BOfl5mi,HH /;HcceMHHaTop 6^^ MaTpHii,M S^^ na a^^ 
ocymecTBjiaeT mbto/i, orpaHHHeHHH-H-npoflOJiJKeHHS. 
Bo-nepBMX, 

B npoTHBHOM cjiyHae 

< 6^' = 6^' < 7° 
H 6^^^ npo/;ojiJKaeT p^o a'^^^ S„+i-yTBepjKfleHHe 

3tot 4)aKT BMecTe co BTopoii HH/];yKTHBHoii rnoTesoli BjieneT onpe- 
flejieHHOCTb 4)yHKii,HH " na neKOTopoM nenycTOM MHOJKe- 



CTBe 7"""^^ CO CBoiicTBaMH yKaaaHHbiMH b TeopeMe 2, 

BOnpeKH MHHHMajIBHOCTH a^. 

^ajiee, h3 6^^ < 7^0 cjie^yeT 



7* < < < 7^0. (11.9) 

^eiicTBHTejibHO, 6jiok [7^0, 7*^ [ OHeBHflHO o6ecneHHBaeT cnpaBe^- 
jiHBocTb cjieflyromero S„_|_i-yTBepjKfleHHH (/9(r{', r*^, ry*) HHJKe 



37(7,0 < 7.0 < 7 A 5/iV„(7) A ylf.](rO, rO, 77*) A 
AVrG]ri,rO[ aK^-'^M); 

HanoMHHM, 3/i,eci. Ai.2(''"i, ''"'^j ??*) 03HaHaeT, HTO HHTepBaji [7,o,7t-o[ 
HMeeT THn rj*. 

/],HcceMHHaTop 6^^ nonaflaeT b HHTepBaji [7,-o,7'^[ h nosTOMy 
6^^ = 7,0, HHane 6^^ < 7,0 h no jieMMe 3.2 |29| noHBjiaeTCH mho- 
ro HOCHTejieit MaTpni^bi 5""*^ , /i;onycTHMbix fljiH 3Toro 7,0 ; saieM 
no BTopoit HHflyKTHBHOH THnoTese Bce onn nenoflaBjienbi p^jia 7,0 ; 
nosTOMy MaTpnnnaH 4)ynKn;HH aSj CTanoBnTCH onpeflejieHHOii 
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P,J15l B npOTHBOpeHHH C MHHHMajIbHOCTbK) JieBOrO KOHII,a 7^0 

no onpeflejiennro nonHTHH 6jioKa. 

TaK KaK 6^^ = 7^0, to saMbiKaion^ee ycjioBne ^jih S^^ na 

a^^ BjieneT ij* < p^^ fljia 6a3bi p^^ /;HcceMHnaTopa 6^^. 

Ho Torfla nponsBOflan^nn flncceMnnaTop S^^ c stoh 6a30H orpa- 

nnnHBaeT S„+i-yTBepjKflenHe 

3t[,t' ip{T[,T','n*), 

noTOMy HTO ono coflepjKHT tojibko Hn/];HBH^nbie KoncTanTbi, orpa- 
nnnennbie 3toh 6a30H p^^. 

HoBTOMy nnace 6^^ noHBjiHKJTCH 6jiokh TnnoB > rj* (cnoBa 6jia- 
roflapH BTopoii nnflyKTHBnoii rnnoTeae). 
Tenepb ecjin 

^01 

< 7*, TO napyniaeTCH ycjioBne cyn^e- 
CTBennoro neyGbiBannH TnnoB noKpbiTna nnTepBajia [7"* , 7* [ pp 
rj* (cm. onpeflejienne 8.1 2.2). 

TaKnM o6pa30M, (|11.9p ycTanoBjieno. Bjiaro^apa (|11.8p nnjKe 
6^^ BbinojinaeTCH n„+i-yTBepjKflenHe 

Vr(7* < 7, ^ {aK\-fr) V -^aK\-fr))) 

H flHcceMHnaTop 6^^ npoflojiJKaeT ero flo a'^^^ no jieMMe 6.6 |29] 
(fljiH m = n + 1, 6 = 6^^, cto = 7*, ai = a^^^). Ho 3to bbi- 
3biBaeT npoTHBopenne: (Ill.Sp BbinojinaeTCH p^jia 7,- = 7*^, xoth 
cyni,ecTByeT e mouHocmu odna Mampuv,a na nnjKe a*^^^, 
/];onycTHMaH fljiH 7*^. 

HTaK, CBOHCTBa (la.) n (lb.) ycTanoBjienbi. Tenepb MOJKno 06- 
paTHTbCH K jieMMaM 18.51 8) , 18. 8| 18.101 (fljia ai < a* ) : 

(2) Cnanajia MOJKno ocTanoBnTbCH na jieMMe 18.81 1) n na 
yTBepjK/;ennn (|8.5p . J^Jia btoto cpaBnnM fl^a nnTepBajia 

BjiaroflapH dO]), 1^ 5^ co/];epjKnTCH b KajKflOM n3 nnx, hto 
BbisbiBaeT 

Iri < 7ri, 
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HHane 7^-^ < 7^-^ h Tor/;a ycjioBHe (i) h (|8.3p BjieKyT cymecTBOsa- 
HHe HeKOTopoH MaTpHLi,bi Ha ee HOCHTejie c flHcceMHHa- 
TopoM 6^ H 6a30H p^, flonycTHMOH flJiH 7,-|. Ho JieMMe 3.2 |29] 
MaTpHLi;a 5*^ nojiynaeT cboh HOCHTejin, flonycTHMbie fljia KajKfloro 

7r G ]<5"'^,7t{] C TBMH JKe 5^, p^. TaKHM 06pa30M BOSHHKaeT HeKO- 

TopbiH HHTepBaji flonycTHMOCTH [7^// , 7^-3 [ c 7^// < 7^/ H no yjKe 

flOKasaHHOMy (la.) MHHHMajibHbift flonycTHMbili 6^ coBna^aeT c 
7^^', S'^ = 7^1', BonpeKH (18. 4p . HoBTOMy BbinojiHHeTCH 7^/ < 7,-^ 
H BMecTe c (18.31). (18.41) bto BjieneT (18.51). hto o6ecneHHBaeT ocTaB- 



myiocH HacTb flOKasaTejibCTBa JieMMbi [5]S] 1). 

06pamaHCb k jieMMe 18.81 2) paccMOTpHM a-MaTpHii,y 5 xapaK- 
TepHCTHKH a Ha HOCHTejie a, flonycTHMbie fljiH 7^"^ BMecTe c 
/;HcceMHHaTopoM 6 h 6a30H p HHJKe ai; mojkho ycTanoBHTb 

{t' :6< 7<"^ < 7<"i} C domiaSf"') 

paccyjKfleHHHMH, yjKe HcnojibsoBanHbiMH Bbime: 

fljia KaJKfloro 7^/"^ € ](5,7^"i[ cymecTByeT MHoro flonycTHMbix 

HOCHTejieft MaTpHii,bi S no jicmmb 3.2 p9], no3TOMy Bce onn neno- 



/;aBJienbi 6jiaro/;apH (lb.) n nosTOMy r' G dom{aS'^°'^). 
TaKHe JKe paccyjKflenna ycTanaBjiHBaioT, hto b jieMMe 18.101 cjaynK- 
u;hh aS"^"^ onpe^ejiena na bcSm nnTepBajie ]aTj*,QT*^[ fljia 
KajKfloro ai > aJ*^, ai G SINn, n ad* = 7^,-* - sto flnc- 
ceMHnaTop MaTpnnbi aS^V^, na ee nocHTejie q;^"\ c Gason 
ap*^ = p<% 

TaKne JKe paccyjKflennH cjie^yeT Hcnojib30BaTb h b ;];oKa3aTejib- 
CTBe jieMMbi 18.51 8). HtoGbi saKonnnTb 3to flOKasaTejibCTBO flJiH 
nenoflaBjiennocTn flocTaTonno saMeTHTb, hto ecjin S BMecTe c 
5, p HMeeT nocHTejib a, flonycTHMbin n neno/;aBjieHHbiH fljia 
^<cn TOJiBKO B [7^_|^'x , tti [ , TO 7^_J^x orpannnHBaeT SIN^^l- 
yTBepjKflenne 



3a' (7 < a' AaK„_2(5,7r-,7r"Sa'./o,5')) 
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(cm. flOKaaaTejibCTBO jieMMbi 8.5. 8)) fljia KcUKfloro 7 G ]7^"^ , 1^+1 i ' 
nosTOMy S nojiynaeT MHoro cbohx HOCHTejiefi b ]7^"^ , 7^+1 [, flo- 

nyCTHMblX JIRH 7^*^^, KOTOpbIC TaKJKC CTaHOB5ITC5I HenoflaBjieH- 
HMMH fljiH 7^"^ HHJKC Qi Gjiaro^apH (lb.). 

CjieflyiomaH jieMMa noKasbiBaeT, hto HHTepBajibi [7-^"^ , 7^"^ [ 
onpeflejieHHOCTH MaTpHHHon 4)yHKn,HH aS^"'^ c MHHHMajibHbi- 
MH jieBbiMH KOHLi;aMH 7^"^ G SIN^"''^ HMeioT oco6oe cTpoeHHe: 
KaJKfloro S'/A^^f "^-Kap/];HHajia 7^"! G ]7^"i, 7^^"^ [ MaTpn- 
Li,a aS^°'^ HMeeT HyAeeyto xapaKTepncTHKy h flHcceMHHaTopbi 
< 6t- = 7^"^ HHxce ai: 

JieMMa 11.1 

nycmt) 

(i) A<"nn,r2); 

(ii) S"^ 9mo a-Mampuv,a xapaKmepucmuKU na HocumeAe 

donycmuMasi Oah 7.^"^ Huotce ai eMecme co ceouMU muhu- 
MttATiHUM donycmuMUM ducceMunamopoM 6'^ c 6a30u u 
npouaeodnvUfUM co6cmeeHHUM ducceMunamopoM ; 
Tosda 

< 52 = ^<«i u = 0. 
/^OKasameA'bcmeo. BepxHHe HH^eKCbi < ai,<\ ai 6yflyT onyc- 

KaTbCH KaK oSblHHO. 

PaccMOTpHM CK-MaTpHuy 5'^ Ha ee HOCHTejie cP', flonycTHMyio 
7t-2 BMecTe c ee MHHHMajibHbiM flHcceMHHaTopoM (5^ c 6a30H 

P H C npOH3BOflHII],HM Co6cTBeHHbIM flHCCeMHHaTOpOM 5 = 

H paccMOTpHM CHTyan,Hio HHxce KapflHHajia npe^CKaHKa a^^. 

1. IIpeflnojioxcHM, HTO Hao6opoT - 9Ta jieMMa neBepna h (5^ ^ j 
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TaK HTO 

Jri < (5^ < 7t2- 

Ho ycjiOBHK) (i) 7t-2 € SINn h, cjieflosaTejibHO, 7^-3 G SIN^"'^'^ . 
BjiaroflapH STOMy h jieMMe 18.71 flonycTHMOCTt HHJKe ai pasHO- 
CHjibHa flonycTHMOCTH HHJKe a^^ p^Jia bchkofo 7,- G ]x*;7r2[- 
Torfla npoHSBOflamnft co6cTBeHHbm flHcceMHHaTop npoflOJiJKa- 
eT flo n„+i-npeflJiojKeHHe o cymecTBOBaHHH /i,onycTHMbix a- 

MaTpHu; oiSj'"' , KaK 3to Gbijio necKOJiBKo pas panee, nanpHMep, 
B 4)opMe: 

V7'(7n <j' ASINn-i{-f')^3a,S aK{-f',a,S)y 

B pesyjiBTaTe nosBjiaeTCH 4)yHKii;HH aS'j"^^, onpeflejieHHaa na 
MHOJKecTBe CO CBOHCTBaMH {i)-{ni) H3 TeopeMbi 2: 

r-^' = {r:7n<7<"''<«^M> 

noTOMy HTO fljiH KajKfloro t G I noHBjiaroTCH neKOTopbie 
a-MaTpHii,bi Ha mhophx HOCHTejiax, flonycTHMbie fljiH 7^ , ko- 
Topbie Heno/;aBjieHbi p^Jin 7^°^* Gjiarop^apn (lb.), (la.); ho 3to 

HpOTHBOpeHHT MHHHMaJIBHOCTH a^. 

2. HTaK, (5^ < 7t-i; 6ojiee Toro - BbmojiHaeTCH A^{ti). Jlpny- 
CTHM, 3TO He TaK H cyH^ecTByeT HeKOTopaa a-MaTpHu;a na 
ee HOCHTejie a^, /;oHycTHMaH p^Jin 7,-^ BMecTe c ee MHHHMajib- 
HbiM flHcceMHHaTopoM 6^ = 7^1 c 6a30H p^; HOSTOMy tI < Ti. 
CorjiacHO jieMMe l8^ 2) ]Tj^, ti[ C dom{aSf) h HOSTOMy fljiH KajK- 
floro T g\tI,T2[ cyn^ecTByeT HeKOTopaa Q-MaTpHu;a na HOCHTejie, 
/i,oHycTHMbie fljia Cjie/i,oBaTejibHo, BosHHKaeT neKOTopbiH hh- 
TepBaji flonycTHMOCTH ]t]^',T2[ c Ti < < T2. Bjiaroflapa 
(la.) nojiynaeTca 5^ = 7^1/ h CHOBa no jieMMe[S2]2) nojiynaeTca 

]Tj'^',r2[ C dom{aSf) BonpeKH MHHHMajibHocTH ri, TpeGyeMoii 
sflecb B ycjioBHH (i). 
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3. TaKHM o6pa30M, BbinojiHHeTCH A^(ti) h, cjieflosaTejibHO, Bbi- 
nojiHHeTCH A^{ti,T2)] noBTOMV jieMMa 110.51 BjieneT =0. H, 
HaKOHeu,, CHOBa h3 (la.) cjie^yeT 6"^ = 

H 

Tenepb o6paTHMCH k cjieflyromeMy yfloGnoMy noHHTHro, koto- 
poe yjKe 6bijio necKOJiBKO pas HcnojibsoBano Bbime, ho b flajib- 
HeitmeM oho GypfiT nrpaTb KJiioHeByio pojib h HOSTOMy na Hero 
o6pani,aeT oco6oe BHHMaHHe 

Onpe/i,ejieHHe 11.2 

Tlycmb S smo Mampuii^a na HeKomopoM HocumeAe a eMecme 
CO ceouM ducceMUHamopoM 6 < 7^"^ c 6a30u p. 

1) Mu 6ydeM soeopumb, nmo Mampuv,a S onupaemcn na 
smom ducceMUHamop 6 na ee HocumeAe a HUCHce a\, ecAU 6 
nonadaem e HeKomopuu 6aok [7^"^ , 7^"^ [ muna rj, mo ecnib 
ecAU cyw,ecmeyiom opdunaAU ti, t[, T2, t^jTJ maKue, umo 

7<r < ^< A Al<^\n,T[,T2,T,,7j). 

EcAU edo6aeoK amom 6aok - MaKCUMaAbHuu humce u UMcem 
mun rj < p, mo mu 6ydeM zoeopumb, umo Mampuna S onupa- 
emcH Ha 5 ouenb cuAbuo. 

2) Uycmb cym,ecmeyem nonpumue KapdunaAa v G 
6A0KaMu; amo noKpumue 6ydem nasueambCH rj-ospaHuueHHUM 
(nuMce a^) ecAU munu ecex ezo 6AOKoe e ]x*)Ck'^] ozpanuneHU 
HCKomopuM nocmoHHHUM opduHaAOM rj < x*^- 

Vy < V Vr(,r^,77'(x* < 7<f ' < 7<f ' < 

H 
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HacTb (I) cjieflyiomeft jieMMbi nrpaeT pojib "necymeft KOHCTpyK- 
ii,h" b flajibHeitniHX paccyjKfleHHax; nacTb (II) 5yfleT HcnojibsoBana 
B caMOM KOHii;e flOKasaTejibCTa TeopeMbi 2 KaK peinaromnft apry- 
MBHT. 3flecb HyjKHO BcnoMHHTb noHSTHe jiecTHHii;bi H ero pa3Hoo6- 
pasHbix aTpH6yTOB, KOToptie Gbijih BBe/;eHbi Bbime nepefl jieMMoli 
19.51 nocpejcTBOM cJaopMyji 1.-8.; Taxaa jiecTHHLi,a, onpeflejieHHaa 
HHJKe KapflHHajia npe^cKaHKa ai = HOCHTejia a MaTpHii;bi S 
4)opMyjioH ^^^^"^(iSi, aS'j " '^/" )' flOJiJKHa Gbitb HcnojibsoBa- 
Ha KaK 4)yHKii;HH na x*~^ 

TaKaH, HTO flJIH BCHKHX /3, /3i , /32: 

(i) /3 < x*+ ^ rf < rf < A (rf , n^,T^,aS 



TO ecTb [7'"^°^, 7^/3"^ [ 3TO MaKCHMajiBHaH eflHHHHHafl cTyneHb hh- 

r'(rf , rf , , aS<»\a<"') A Af^^^rf , r^^ a5<""); 

(ii) /3i</32<x*+^ 

rf < rf^ A Oda5<"^rf\rf) < Oda5<-^rf ^ rf ^ ) , 

TO ecTb TaKHe CTynenn pacnojiararoTCH nocjieflOBaTejiBHO o^na no- 
cjie flpyroH a npn stom hx bbicotbi CTporo BospacTaroT; 

(iii) sup^ Oda5<°* (rf , rf ) = x*+ , 

TO ecTb h{St) = x*~^ H BbicoTbi 3THX CTyneHeft CTporo BospacTa- 

lOT flO X*~^'i 

(iv) KajKfloii MaKCHMajiBHoit eflHHHHHoii CTyneHH [7^"*,7^"^[ 
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HHJKe COOTBeTCTByiOmaH TpoflKa OpflHHajIOB (ti,T^,,T2) hb- 

jiHeTCH SHaneHHeM 3toh 4)yHKii;HH. 

CooTBeTCTBeHHO, 3Ta jiecTHHii;a St saBepmaeTca b Kapflnnajie 
v{St) = a^, ecjiH ee CTyneHH pacnojiararoTCH KOH4)HHajibHO STOMy 
Kap/i,HHajiy a^, to bctb ecjiH BbinojinaeTCH ycjioBHe H{a^): 

JleMMa 11.3 

/l^AH KaMcdou MampuvfiL S nyAeeou xapaKinepucmuKU na ho- 
cumeAe a > x* ■' 

(I) Mampu%a S na HocumeAe a o6Aadaem neKomopou Aecmnu- 
ii,eu St. 

(II) 9ma AecmHuv,a St aaeepmaemca, e KapdunaAe a^, mo 
ecmb 

v{St) = a^ = sup {7</ : 3/3, n , n 5t(/3) = (n , n, ra) } . 

floKasameA'bcmeo I. PaccMOTpHM jiio6oh HOCHTejib uq > x* MaT- 

pHii,bi HyjieBOH xapaKTepHCTHKH Ha HocHTejie cto h ero Kap- 

^ 

flHHaji npeflCKaHKa a = a^. 

rio JieMMe [875] 5) cymecTByioT r(, Tg, T3 Taxne, hto HHJKe 
^2 (n;^2;^3'"'^/ jAVr €jTi,r2Ja^„ = 1 A a^^^ =b 

H, cjieflOBaTejiBHO, a^,"° = 1. Tenept nepeftfleM k HOCHTejiio a2 = 

"^^ 

a^,"^ H paccMOTpHM MaTpHii,y S''' na stom HOCHTejie a2 = a^," h 
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ero KapflHHaji npe/i,CKaHKa = 03 ■ Ho jieMMe 110.31 cvinecTBVioT 
opflHHajibi r^, T2 TaKHe, hto t[ < tI < rlj h 

A.i [ri,T^,T2,abj: ,aj ) A (Ti,r2,a6y ); (11.10) 

OdaSf^^Tlri) > Od{S°). (11.11) 

SanyMepyeM 6e3 nponycKOB Bce TpoHKH opflnnajioB {t[,tI,T2), 
oGjiaflaromHX cbohctbom (jll.lOp b nopaflKe BospacTaHHH hx nep- 

BblX KOMnOHeHT, TO eCTb OnpeflejIHM 4)yHKLI,HK) 

oGjiaflaromyro cbohctbom (i) jiecTHHii;bi, npeflCTaBjieHHbiM Bbime 
fljiH = a^; cbohctbo (ii) nojiynacTCH saTeM h3 cjiejcTBHg 19.61 
p^jia ai = c? . 

OTCKJfla H H3 (111. lip cjieflyeT, hto opflnnaji B03- 
pacTaeT bmbctb c /3 flo x*"*" j b hpothbhom cjiynae mojkho onpe^e- 

JIHTb HHJKe Q-^ BepXHKJK) rpaHHIi;y MHOJKeCTBa TaKHX OpflHHajIOB 

pG [Oda5<"'(r(,T:);x*+[, 
a Torfla no jieMMe 4.6 j29j o cneKTpajibHOM THne 

p < Od{S^) 

BonpeKH (111. lip . rioBTOMy dom{St) = x*^] cbohctbo (iv) one- 

BHflHO H3 KOHCTpyKII,HH 4)yHKLi;HH St. 

TaKHM o6pa30M, CBoftcTBa (i)-(iv) ycTanoBjieHbi ^jih hochtcjih 02 
MaTpHii,bi H Ha a2 ona o6jiaflaeT stoh jiecTHHu;eH. Tor^a ho 

JieMMe 5.11 |29) 06 HH4)OpMaTHBHOCTH MaTpHH,a 5*^ tohho TaK JKe 

o6jia/];aeT neKOTopoii JiecTHHH,eH St^ na ee HOCHTejie HOTOMy 
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HTO 3TO CBOHCTBO HBJIHeTCH BHympeHHUM CBOHCTBOM MaTpHLI,bI 

(cm. KOMMeHTapHH nepefl jieMMoft 19.51 ). 

II. 06paiii,aHCb k yTBejKfleHHro (II) npe/i;nojio>KHM, hto oho 
jioJKHoe H 3Ta jiecTHHii;a St^ saBepmaeTca b neKOTopoM Kap/];H- 
Hajie < = a^: 

= sup{7</ : 3/3,ri,n 5t0(/3) = (ri,n,r2)}; 

OHeBHflHO, COflepJKHTCH B SIN^"'" H HMeeT KOH4)HHajIbHOCTb 

OcTaBinaHCH nacTb ^OKaaaTejibCTBa btoh jieMMbi ocHOBbiBaeTCH na 
MBTOfle, KOTopbiH MOJKBT 6biTi. HasBaH aauiueawmM MemodoM] bot 
ero o6mee onncaHHe (hh^kb a"): 

PaccMaTpHBaa neKOTopbiii KapflHHaji v mojkho CTOJiKHyTbca c 
CHTyaii,HeH, Kor^a cyiii,ecTByioT KapflHHajibi 7,- < f , pacnojiojKen- 
Hbie "6jih3ko" k 3TOMy V, HO TaKHe, HTo 4)yHKLi,HH aS f npefl- 
nojiaraeTCH ne onpeflejieHHoit fljia cooTBeTCTByromHX r; no3TOMy 
TaKHe KapflHHajibi < v MoryT 6biTb HasBanbi "npoKOJiaMn" bo 

MHOJKeCTBe 

V n {7^ : T € dom{aS f)} . 

C Li,ejibK) npeo/;ojieTi. 3Ty CHTyaii;HK) h, tbm ne Menee, ycTanoBHTb 
onpeflejieHHOTb 4)yHKLi,HH aSf fljia TaKHX npoKOJiOB, nyjKHO ocy- 
mecTBHTb cjieflyiomne flBa fleftcTBHa: 

HyjKHo HaHTH HeKOTopyio a-MaTpHii;y S na HocHTejie a > f 
HeKOTopoii xapaKTepHCTHKH a BMecTe c npoH3BO/;amHM flHcce- 

MHHaTOpOM 6P < V a 6a30H p TaKHMH, HTO HHTepBajI 

coflepjKHT TaKHe npoKOJibi. 

OflHOBpeMeHHO C 3THM HyjKHO o6HapyjKHTb HeKOTOpblH KapflHHajI 

e[6P,v[nSiNn 

KOTopbiH BMecTe c S, p Hapymaem nocbijiKy saMbiKaromero ycjio- 

BHH 

K0(a,7^a,p) 
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HjiH BbinojiHHeT ero saKjironeHHe h tgm caMMM BbinojiHHeT ero b 
ii;ejioM H no 3toh npHHHHe no jieMMe 6.8 1) [29j CTanoBHTca 
TaKJKe flonycTHMbiM flHcceMnnaTopoM MaTpHn,bi 5 na a c toh 
jKe 6a30H. Bojiee Toro, mojkho BH^eTb, hto 3tot flncceMnnaTop 
donycmuM u HenodaeneH Bah nacHcdozo 

7r G {1t : 7^ < 7r < v}, 

noTOMy HTO 3TO ycjioBHe TpHBHajibno BbinojinaeTCH fljiH 7,- h 
nosTOMy Bce ycjioBne flonycTHMOCTH 

aK(a,7^,7r,a,/),5') 

BbinojinaeTCH j^jir Mnornx nocHTejieit a > 7,- MaTpHU,bi S tojkb. 
IloBTOMy 6jiaro/;apH (lb.) c]3ynKU,HH aSf OKasbiBeTCH onpe^ejien- 
noH na bcSm MnoJKecTBe 

{r : 7*^ < 7r < 1;}, 

H TaKHM o6pa30M npoHSBOflHTCH "saniHBanne" nnTepBajia [7*^ , f [ 
- 3TO oananaeT, hto 3to MnojKecTBO BKjiionaeTCH b dom{aSf) h 
3TOT nnTepBaji ne coflepjKHT nnKaKHX npoKOJioB BonpeKH npe^no- 
jiojKenHK). 

HpoTHBopenne SToro Tnna noMOJKeT npoflBnnyTb flajiee flOKasa- 
TejibCTBO JieMMbi 111.31 H TeM caMbiM flOKaaaTejibCTBO TeopeMbi 2 
na KajK/;oH ero peniaron^eit CTa/i,Hn. 

HTaK, paccMOTpnM b KanecTBe noflo6noro v Kapflnnaji £ 
SIN^" , HBjiHK)n];nHCH x*^ "HM no nopa^Ky b SIN^" , to ecTb 

MnOJKeCTBO 

n siN<°'° 

HMeex nopHflKOBbiH THn x*"*"; stot Kap^nnaji < flencTBH- 
Tejibno cyn^ecTByeT Gjiaroflapa < a^, cf{v^) = x*~^- 

TaK KaK € SIN^"' n cf{v^)= x*^7 to cyni,ecTByeT 
(^-MaTpnn^a xapaKTepncTnKn a^, peflyn;HpoBaHnaH k x* ^ 
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nopoJKfleHHaa KapflHHajioM v na HOCHTejie a < a c Kap- 
flHHajiOM npeflCKaHKa a^^ = c npoHSBOflHii^HM co6cTBeHHbiM 
flHcceMHHaTopoM 6^ = r < c Gasoft = no jieM- 

Me 6.13 |29j, HcnojibsoBaHHOH s^ecb fljiH m = n + 1, uq = v^, 
ai = H 4)yHKLi,HH 

/(/?) = or(/3n5/iv<"') ; 

Mbl paCCMOTpHM MHHHMajIbHMH H3 TaKHX flJIH HeKOTOpOH 

onpeflejieHHocTH . 

Mbi yBH/;HM, HTO 3TO BbisbiBaeT npoTHBopeHHe: BOSHHKaeT onpe- 
flejieHHoe MHOJKecTBo 

T"' = {r : 7 < < v^} C domiaSf') 
BbinojiHHK)iii,ee Bce ycjioBHH TeopeMbi 2 (flJiH BMecTO ai), 

B npOTHBOpeHHH C C MHHHMajIBHOCTBK) aj; 3TO npoTHBopeHHe 

ycTanaBjiMBaeT, hto na caMOM ^ejie jiecTHHii,a St^ saBepmaeTca 
B KapflHHajie = = a^. 3tot pesyjibTaT 6yp^eT /^ocTHrnyT 
MeTOflOM saniHBaHHH, npHMenenHbiM k v^. 

Bo-nepBbix, B03HHKaeT noKpbiTHe HHTHpBajia MaKCHMajib- 

HblMH 6jIOKaMH (HHJKe V^) . ^OnyCTHM, HTO 3TO He TaK, Torfla 

cymecTByeT HeKOTopbift Kapflnnaji 

ESIN<-'n]6\v'[ 
KOTopbiH He HpHHafljiejKHT HH oflHOMy 6jioKy (HHJKe v^). Tor/i,a 

3TOT 7^ MOJKeT CJiyjKHTb flHCCeMHHaTOpOM 

51 = 7' 

c TOH JKe 6a30H p^ fljiH TOH JKe MaTpHu;bi xapaKTepHCTHKH 
Ha HOCHTejie no jieMMe 6.8 |29j (flJiH m = n + 1), flonycTHMbiM 
p^jia KajKfloro 7,- E , TaK KaK BbraojiHHeTca 3aMbiKaion],ee 

Ai-ycjioBHe K.^{a^ ,6^ , p^) 
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(11.12) 

6jiaroflapH jiojkhocth ero nocbiJiKH 

j^M<c.^\ Tenepb fleHCTByeT 
saniHBaiomHH Meiop;. flJiH KajK/;oro 7,- G J^"*^, f ^ [ h p^jin 

7,n=sup{7<7, :7e5/7V<"'} 

BbinojiHHeTCH n„_2-ycJiOBHe 99(0^, 5^, 7,-", 7t, a'^, /O^, S^): 

7, < A 5/iV<"''' (7r" ) A aK^^i (a^ , ? , 7, , a\ , 5^) 

yTBepjKflaromee, hto S"^ na flonycTHMa fljiH 7,- BMecTe c tcmh 
jKe a^, 5^, p"^. Torfla SINn-i-Ka'pp^m&ji 7t+i orpaHHHHBaeT 
S„_i-yTBep>KfleHHe 

3a(7^ < a A (y9(a\ 5\ 7^^, 7r, a, S"^)) (11.13) 

H no3TOMy B ]7^,7t-+i[ noHBjiaeTCH MHoro flonycTHMbix fljiH 7^ 
HOCHTejieft a c tbm jkb cbohctbom (|11.13p h sto BbisbiBaeT npo- 
THBopenne HHJKe v^: 

Bce OHH HenoflaBjieHbi fljiH 7,- 6jiaro/];apH (lb.) h 4)yHKii,HH olS^^ 

CTaHOBHTCH OnpeflejieHHOH flJIH 7r H, TaKHM o6pa30M, CTaHOBHTCH 

onpeflejieHHOH fljia Bcero HHTepBajia (to ecTb coBepniH- 

jiocb saniHBaHHe SToro HHTepBajia); ho 3to h cocTaBjiaeT npoTHBO- 
peHHe - noHBjiaeTCH neKOTopoe mho^kbctbo onpe^ejieHHOCTH 

3TOH 4)yHKIi;HH CiS^'" CO CBOHCTBaMH {l)-{in) H3 TBOpeMBI 2 (flJIH 
ai = f"^), B npOTHBOpeHHH C MHHHMajIBHOCTBK) a{. 

HTaK, HHTepBaji noKptiBaeTCH MaKCHMajibHbiMH 6jio- 

KaMH HHJKe v"^ H BbinOJIHHeTCH yCJIOBHe 
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yTBepjK/i,aioiii,ee noKpbiTHe HHTepsajia [7'",u^[ MaKCHMajibHMMH 

6jIOKaMH HHJKe H MHHHMajIbHOCTb KapflHHajia 7"^ C 3THM 

CBOHCTBOM (nanoMHHM onpejejieHHe ISTT] 2.1a.. 2.1b.). 

OcTaBinaHCH nacTb flOKasaTejibCTBa 3toh jieMMbi 111.31 npoBO/];HTca 

HHJKe H BepXHHe HHfleKCbl <V^, <i H o6o3HaHeHHH 4)yHK- 

Li,HH ctSj^"" , Oj " SyflyT KaK oGbihho onycKaTbCH (Kor^a KOHTeKCT 
6y/i;eT oHeBH^Ho na hhx yKasbiBaTt). 

Mbi nepexoflHM k saKjiroHHTejibHOMy npoTHBopeHHK) SToro flOKa- 
3aTejibCTBa: 

3TO noKpbiTHe He MOJKeT 6biTb r/-orpaHHHeHHbiM, h b to ace BpeMH 
OHO flojiJKHO 6biTi. ry-orpaHHHeHHbiM HHJKe (cm. OHpeflejieHHe 
ELI] 2) AJia = v^). 

/],eHCTBHTejIbHO, 3TO HOKpblTHe He MOJKeT 6bITb T^-OrpaHHHeHHblM, 

TaK KaK B HpoTHBHOM cjiyHae cyni,ecTByeT HeKOTopbiii hoctohhhbih 
THH ero MaKCHMajiBHBix 6jiokob, pacHOJiaraK)ni,HXCH KOHcJjHHajibHO 

V^. MHHHMajIBHBIH THH Tj^ H3 TaKHX THHOB OHeBHflHO OHpeflejIH- 

eTCH HHJKe = a^^ h ho jieMMe 4.6 [29j o cneKTpajibHOM THHe 
3TO BjieneT 

< Od{S^) < p\ 

Ho Tor/i,a fleftcTByeT MeTOfl samHBaHHH. HycTb [7^-^ , 7t2 [ sto MaK- 
CHMajiBHbiH 6jiok b [(5^,t;^[ Tnna r]^ c MHHHMajibHbiM jieBbiM 

KOHH,OM ^ri, TOPfla S'IA^„-KapflHHajI MOJKeT CJiyjKHTb flHC- 

ceMHHaTopoM 6^' = 7t-i flJiH Ha on c toh jKe 6a30H p^. 
H CHOBa BbiHOJiHHeTCH yTBepjKfleHHe (|11.12p (r/;e 6^ cjie^yeT sa- 
MeHHTb Ha 6^'), HO Tenepb HOTOMy, hto na onnpaeTca 
Ha 6^' OHeHb CHjiBHo: cyH];ecTByeT eflHHCTBeHHbift MaKCHMajib- 
HbiH 6jiok [7^" )7^" [) coBna/i;aK)ni,HH c [7ti)7t2[ Tnna rj^, 

KOTOpblH CO/];epjKHT 6^' H KOTOpblit BblHOJIHHeT erO 3aKJIK)HeHHe 

7]^ < p^. H CHOBa BbiHOjiHHeTCH (|11.13p fl^jisi KajK/;oro 7,- S J^-*^', 
H H03T0My TaKHM JKe o6pa30M cyn^ecTByeT mhojkcctbo , bo- 

HpeKH MHHHMajIBHOCTH a|. 

CjieflOBaTejiBHO, HOKpbiTHB HHTepBajia [7"',z;"'^[ ne /i,ojijkho Gbitb 
?7-orpaHHHeHHbiM, a Tor/i,a thhbi ero MaKCHMajibHbix 6jiokob /;ojijk- 
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Hbi cymecTBCHHO HeyGbiBaTb p<o x*^ (nHJKe v^), to ecTt: 

Vr? < x*+ < VT{,r^,??' (7' < 7.^ < v^A (11-14) 

B npoTHBHOM cjiyHae CHOBa cymecTByeT HeKOToptili nocTOHHHbiii 
THn ero MaKCHMajibHbix 6jiokob, pacnojiararomnxcH KOHcJjHHajibHO 
n npHBOflamnlt k npejKHeMy npoTHBopeHHio. 

Ho H 3TO npHBOflHT K npOTHBOpeHHK): 6eCKOHeHHO MHOrO 3HaHeHHH 
MaTpHHHOit (]3yHKLI,HH CtS^^ CTaHOBHTCH nOflaBJieHHblMH (HHJKe 

v^), xoTH OHH Heno/];aBjieHbi no onpejejieHHio I^TlJj aTOH MaTpHHHolt 

4)yHKII,HH. 

HtoGbi y6eflHTi.cH b btom, nyjKHO npHMeHHTb cjieflyromnii MeTO/i; 
paccyjKfleHHH, KOTopbift MOJKBT 6biTb HasBaH "oTceneHHe 6jiokob 

CnpaBa" a KOTOpblft COCTOHT B "yKOpaHHBaHHH CJIHIUKOM flJIHHHblX 

6jiokob" c npaBoro KOHii,a nocpe^CTBOM "oTceneHiKi" hx KoneHHtix 
no/;HHTepBajioB cnpaBa. 

3tot MeTOfl 6yfleT fleftcTBOBaTb sflecb Bnojine ycneniHO, noTOMy 
HTO 3TO noKpbiTHe He HBjiaeTca ry-orpaHHHeHHbiM h nosTOMy flelt- 
CTByeT Ha TaKHe 6jiokh KaK noflaBjiaron^ee noKpbiTHe, Bbinojinaa 
ycjioBHe (cm. onpeflejienne 18.11 2.4 p^Jia Xi = C(Sj'" |t, X2 = 

af\r): 

Al<:,{jr,r]*,aSf'\T,af'\T) 
fljiii GecKoneHHO mhophx KapflnnajioB 7^, pacnojiojKeHHbix koh- 

4)HHajIbHO V^, H flJIH HeKOTOpblX COOTBBTCTByiOmHX 7™, 7*, 7^, 

V ■ 

Sflecb KapflHHaji 7™ yjKe onpeflejien Bbime KaK MHHHMajibHbilt h3 
jieBbix KOHii;oB 6jiokob noKpbiTHH KapflHHajia v^. 
^ajiee, opp^nHajibi 7*, r]* MoryT Gbitb onpe/i,ejieHbi sflecb pasntiMH 
cnoco6aMH, nanpHMep, corjiacHO (I11.14P KaK npeflejiBHbie snane- 
HHH cjieflyromHX nocjieflOBaTejiBHOCTeft HHJKe (oGosHaneHHa 
aSf^ , af"^ ^ypyT onymeHbi): 
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rii = sup [rj : 3ri, T2 (7ri < 7r2 < 7i A Af^{Ti,T2,'n))}; 
7i+i = min {7 : 3ri, r2, r?(7j < -y^ < 7r2 = 7 A < r/A 

/\Af\n,r2,v)/\yr[,T^,7]'{-f < 7,, < 7,, A (11.15) 

AAnr(,r^,r?')^r?<r?'))}; 
r/* = sup?7i; 7* = sup7i. 

TaK KaK THnbi MaKCHMajibHbix 6jiokob 3Toro noKptiTHH cymecTBeH- 
Ho Hey6biBaK)T pfl X*^i to cymecTByeT MaKCHMajibHbili 6jiok b 

[jt* , 7^1 [ doAbmeso muna rf^ > rf 
H cjie/i,yeT paccMOTpeTb TaKoii 6jiok c MUHUMaAWUM jibbbim koh- 

II,OM 7t-* > 7*. OHeBHflHO, 3TOT 6jI0K BKJIIOHaeT B CcGh CBOH 

HanajiBHBiH noflHHTepBaji 

[7^*,7*^[ muna e moHHO emu rf , 

KOTOpblH TOJKe HBJIHeTCH 6jIOKOM (hB MaKCHMajIBHBIM) C npaBBIM 
KOHII,OM 7*-^ E SINn, 7*^ = 7t|1- 

CjieflOBaTejiBHO, cymecTByeT MaTpHii,a 

^2 

Ha ee HocHTejie a*^ = a^*i xapaKTepncTHKH a*^ = a^*i, KOTopaa 
flOHycTHMa H HenodaeAena fljia 7*^ BMecTe co cbohm flHcceMHHa- 
TopoM 5*^ = 5^*1 c 6a30H p*^ = p^,i no onpeflejieHHio (bcS 3to 
HHJKe v^). 

Ho B TO JKe BpeMH 3Ta MaTpHLi;a 5"*^ h Bce ee aTpnGyTbi, Hao6o- 

POT, HOflaBJieHbl flJIH 7*^, TaK KaK flJIH HHX BblHOJIHHeTCa yCJIOBHe 

HOflaBjieHHH ^5'" HHJKe (HanoMHHM OHpejejieHHe 18.11 2.6. a 
TaKJKe (Ill.Sp ), KOTopoe ^jih SToii CHTyan,HH mojkho ccJjopMyjinpo- 
BaTb TaK: 

a*i = A 5/iV:<"' (7*^) A p*^ < x*+ A a{x* ,a*\ S*^)A 
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A3r?*,r < 7*1(7*^ = ^<-' A AIT\i*\v* ,o^Sf' \r,af' \t)A 

aW(t <t' a 5/iV<'^'(7</) ^ (11.16) 
^ 3a',5'[7</ <a'< ^<i, A SIN<^'\^<r") A a{x*,a',S')A 

AAl':r\j*\v\a'\aSf\af')])) 

Sflecb fleitcTBHTejibHO a*^ = no JieMMe lll.li SIN^^^{'y*^) Bbi- 
nojiHHeTCH no nocTpoennro; p*^ < x*^ tek kek 3to x*"*"" 
xapflnnaji no nopaflKy b SIN^^ ; (t(x*, a*^, 5'*"'^) BbinojinaeTca 
6jiaroflapH flonycTHMocTn S*^ na a*^ 7*^; A^'^^^ Bbinoji- 

HHeTCH noTOMy, HTO Tnnbi noKptiTHH 7* cyni,ecTBenno ney6biBaiOT 
flo ?7* no (Ill.lSp ; n MaKcnMajibntie 6jiokh ns nnTepBajia [7* , 7^* [ 
HMeioT nocToannbiH Tnn r]* 6jiaroflapH MnnnMajibnocTH 7^* - h 
ocTajiocb npoBepHTb ycjiOBne Af^^ ns (I11.16p . btofo cjie^yeT 
npHMenHTb o6i.innbiH orpannnnBaiomHH apryMenT: 
KajK/;biH MaKCHMajibnbiH 6jiok [7ri5 7r2[ b [7*,t;^[ nweeT Tnn 
rj > 1]* corjiacno (Ill.lSp n nosTOMy BbinojinaeTCH cjieflyron^ee 
n„_2-yTBepjKflenHe -0(7*^) ^*) '^^i , aS^°'^^ , a^"^*): 

a{x*,a\ S') A Al%{Y\if,a'^aS<^"'' , af''"'), 
rfle ^1*^5 - 3TO Ai-4)opMyjia (cm. onpenejienne l8?T] 2.5 ): 

V7'(7*' < 7 < ^ 3r(,r^,r/'(7<,°'" < 7' < 7</'a 

A Ar"^*(r(,r^,,?',a5<°^\a<°^*) Ar?' > r?*)). 

Tenepb paccMOTpnM jiio6oh Kap/^nnaji 7^/ > 7*"*^, jr' SIN,^""^; 
corjiacno jieMMe 3.2 |29) 06 orpannnennn 5/A^„_i-Kap/;Hnaji ^r'+i 
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orpaHHHHBaeT S„_i-yTBepjKfleHHe 3a' ^pl{'y*^ ,r]* ,a' j'y-r'), rpfi xpi 
3TO 4)opMyjia: 

35' [7,. < a' A5/iV<"'*(7,0A 

Ai;i^*\rj*,a',S',aSf\a<"")], 
H nosTOMy HeKOTopbie HOCHTejiH a' MaTpHii,M 5' c sthm cboh- 

CTBOM nOHBJiaroTCH B ]7t-', 7t-/_|_i[. CjieflOBaTejIBHO, HHJKe Bbl- 

nojiHHeTCH yTBepjKfleHHe: 

Vr'(r2*i < t'aSIN<-\j,>) ^ 3a' < j^'+i (7*\ 7r')) • 

B peayjiBTaTe ycjioBne noflaBjieHHH (|11.16p BbinojiHHeTca b Li,ejiOM 
fljiH MaTpHii,bi S*^ Ha ee HOCHTejie a*^ h ona He mtokbt Gbitb 
SHaneHHeM MaTpHHHoft 4)yHKii,HH dS'j^ HHJKe BonpeKH npefl- 

nOJIOJKeHHK). 

H 



Tenepb saKjiroHHTejibHaa nacTb flOKaaaTejibCTBa TeopeMbi 2 npn- 
xo/];ht k CBoeMy saBepmeHHio. CnoBa Bce paccyjK^eHHH 6yflyT pe- 

JIHTHBH3HpOBaHbI K a J H n03T0My BepXHHe HHfleKCbl < a\^ <\ a\ 

H o6o3HaHeHHfl 4)yHKLi,HH oS'j , flj B sanHCHX 4)opMyji 6yflyT 
onycKaTbCH. 

Ho npeflnojioJKeHHK) 3Ta TeopeMa napymaeTCH jijiii MHHHMajibHoro 
KapflHHajia a\^ nosTOMy cymecTByroT t|, r| < a* TaKHe, hto 

BbinOJIHHeTCH 

rfle, HanoMHHM, r* 3to MHHHMajibHbili op/;HHaji bo MHOJKecTBe 
r°i H rfle r| 3to MHHHMajibHbili op/;HHaji na KOTopoM napyma- 
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eTCH MOHOTOHHOCTb 4)yHKLI,HH aSf Ha T^l ; paCCMOTpHM npoH3- 
BOJIbHO 6ojIbmOH OpflHHajI r| H3 MHOJKeCTBa 

Z* = {t: 72* < 7^ < at A 7^ G 5/iV:„}, 
H paccMOTpHM cooTBeTCTByromne KapflHHajibi 

7i" = 7r*, ^ = 173 , 

a TaKJKe MaTpHii;y S*'^ = aSr* na HOCHTejie Or* xapaKTepn- 
CTHKH a*^ = Ur* c KapflHHajioM npeflCKaHKa a*^ = a^, h ee 

npOHSBOflamHH Co6cTBeHHblfi flHCCeMHHaTOp 6* = 

Ho rjiaBHyro pojib 6yflfiT nrpaTb flajiee MaTpni^a 
5*'^ = aS^* Ha Hocumene a^* 

fljiH 3Toro ^ Z* c KapflHHajioM npeflCKaHKa a*^ = af* h c 

npOH3BOflHIIl,HM H njiaBaiOIIl,HM flHCCeMHHaTOpaMH 

5*^ = 5^, , 5*^ = 5^, c 6a3ou p*^ = pr* . 

Hs jieMMbi 111.11 (flJiH Ti,T,aSr,ar,al kslK Ti,T2, S'^ ,a'^ ,ai) cjie- 
flyeT: 

Vr G Z* (a^ = = 7i). (11-17) 

Tenepb BOSHHKaioT cjieflyromne cjiynaH: 

Cjiynait 1. a*^ = 1. Tor/];a no JieMMe [10.31 cymecTByeT r*' 

TaKOii, HTO 

A3(ri*,rr,r2*,r3*) (11.18) 

(cm. onpeflejieHHe 81. 1.5) r^e, nanoMHHM, MaTpHii,a aS^*' HMeeT 

eflHHHHHyK) xapaKTepncTHKy na ee HOCHTejie a^*'. 

HaHHHaH c 3Toro MecTa cjie^yeT HcnojibsoBaTb tojibko TaKoft op- 

flHHajI Tg, HTO COOTBeCTByromHH HHTepBajI 

[7l,7r3*[ 
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HMeeT THn 

r/*3 > Od{aSr*'); 

cymecTBOsaHHe trkhx opflHHajiOB T3 cjieflyeT h3 ycjiOBHH (i), 

[Hi) 3TOH TeopeMbi 2. 

PaccMOTpHM cjieflyromHe noflcjiynaH: 

no/;cjiyHaH la. npe/;nojiojKHM, hto 

Ho 3TO HCKjironaeTCH paccyjKfleHHeM orpaHHHeHHH-H-npo/i,ojiJKeHHH, 
o6ecneHHBaK)iii,HM sflecb cjieflyromnit apryMeHT, KOTopbili mo^kbt 
6biTb Ha3BaH "cpesaHHe jiecTHHLi;bi CBepxy" h KOToptiii coctoht b 
cpesaHHH BbicoT CTynenelt jiecTHHLi;bi: 

MaTpHLi,a aS^-*/ eflHHHHHoft xapaKTepncTHKH HMeeT flonycTHMbift 

HOCHTejIb 

TaK KaK 5^ = 71- no jieMMe 3.2 p9] 06 orpaHHHeHHH sTa Max- 
pHii;a nojiynaeT cboh flonycTHMbie HOCHTejiH, pacnojioJKeHHbie koh- 
4)HHajibHO flHcceMHHaTopy 6*^ < 6*^, h nosTOMy BbinojiHaeTCH 
cjieflyromee n„-|-i-npe/i,jiojKeHHe HHJKe 5*^: 

V7 37^ > 7 36, a, p {SINn-i{-f^) AaK{l,6,-/\a,p,aS,*>)) 

H 6jiaro/i,apH S^-*' < p*^ h jieMMe 6.6 |29| (flJiH m = n + 1) 
3TOT ;i,HcceMHHaTop npoflOJiJKaeT 3TO yTBep>K;i,eHHe flo KapflHHajia 
npeflCKaHKa a*^ h nosTOMy oS't-*' nojiynaeT cboh flonycTHMbie 
HOCHTejiH HHJKe a*^, pacHOjiojKeHHbie KOHcJaHHajibHO a*^. 
Ho JieMMe [Tl .31 cvmecTBveT jiecTHHu;a St HHJKe a*^, saBepmaro- 
ni,aHCH B a*^, ho ho jieMMe l93] 2b. (o cpesannn jiecTHHn;bi CBepxy, 
rfle ai, nyjKHO saMeHHTb na a*'^, aS^*i) 3Ta JiecTHHii;a St 
HeBOSMOJKHa, TaK KaK BbicoTbi Bcex CTynenelt 5t(/3) 3toh jiecT- 

HHII,bI OrpaHHHHBaroTCH OpflHHajIOM 
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(cpeaaioTCH sthm opflHHajioM), xoth ohh BospacTaioT x*^ no 
onpe/i;ejieHHK). 

HoflcjiyHaH lb. TaKHM o6pa30M 

p*3 < Od{aS^*>). 
Ho HanoMHHM, HTO 3;];ecb HcnojitayeTCH thh 

rj*^ > Od{aS^,,) 

6jioKa [7i* ,73[ . 

CorjiacHO (|11.18p cymecTByroT opflnnajibi Tg, ryg TaKHe, hto flJiH 
a*^ = a^, BbinojiHaeTca 

^3 

yir^""(Ti%rr,r2*,r^,r?^). (11.19) 
3th opflHHajibi , T^' , 7"! , Tg , o/i,H03HaHHo onpeflejiHioTCH Hepes 

X*i 71 = ^*'^ HHJKe a*^ H HBTpyflHO BHfleTb, HTO 

Hs /];onycTHMOCTH S*^ na a^-i h jieMMbi 18.51 6) cjiejyeT saMbixa- 
loiiiiee ycjioBHe K° (a*^ , (5*^ , Or* , p*'^ ) : 

a*3 = ^ Vr(, r(', r^, r^, r?' [7^^ " < < 7<f " A 

AAr^""(Tl,Tr,r^,r^,V,a5<°",af ") ^ 7/ < p*' V p*' = x* 

KOTopoe H 3aKaHHHBaeT 9to paccyjK^eHHe cjieflyromHM o6pa30M: 

TaK KaK 6jiok [7^" , 7^/" [ o/];H03HaHHO onpeflejiaeTca nepea 
^ ■''1 """s 

(5*'^ = 7^* HHJKe a*"^, to 
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OTCK)/;a, H3 (|11.17p h (|11.19p cjie^yeT, hto S*^ na a^-* onnpaeTca 

Ha 6*^ OHeHb CHJIbHO, TO eCTb 

B npoTHBopeHHH c ycjioBHeM 3Toro noflCJiynaH. 

Cjiynali 2. a*^ = 0. B stom cjiynae HH>Ke Kapflnnajia npeflCKan- 

Ka a*^ = a^t BbinojinaeTCH 
■'2 

V7<72 3t (7<7<"'' Aa<"'' = 1). 

3to yTBepjKfleHHe OHeBH^HO cjie^yeT h3 jieMMbi lll.3[ noTOMy hto 
cymecTByeT neKOTopaa jiecTHHii;a St eflHHHHHbix CTynenelt, sa- 
BepmaromaacH b a*^. OTcro^a h h3 jieMMBi [10.41 cjiejveT cyme- 
CTBOBaHHe op/;HHajia rj*', fljia KOToporo (Ill.lSp CHOBa Bbinojina- 
eTca (mbi coxpanaeM Sflecb o6o3HaHeHHH as cjiynaa 1. fljiH neKO- 
Toporo yflo6cTBa). OcTaeTCH 6yKBajibHO noBTopHTb paccyjKfleHHe, 
cjieflyromee 3a pi.lSp . h nojiyHHTb npeacnee npoTHBopeHHe. JUp- 
Ka3aTejibCTBO TeopeMbi 2 3aKOHHeHO. 

H 

IloflBefleM HTorH. 

Bee paeeyjKfleHHH npoBOflHjineb b TeopHH 

ZF + 3k (k CAa6o HedocmuMCUMUu KapdunaA); 
B Heft paccMaTpHBajiacb cneTHaa CTaH/;apTHaH MOflejib 

m= (L^o,G,=) 

TeopHH 

ZF + V = L + 3k (k CAa6o nedocmuMCUMUu KapdunaA), 

Tfl^e BCHKHft CJia6o HeflOCTHJKHMblft KapflHHajI HBJiaeTCfl CHJIbHO HeflO- 
CTHJKHMblM. 
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B 3TOH MOflejiH paccMaTpHBajiHCb MaTpHHHbie c]3yHKLi,HH; TaKaa 
4)yHKii,HH aS^"^^ onpeflejiena na bchkom nenycTOM MHOJKecTBe 
, KOTopoe cymecTByeT fljiH bchkofo flocTaTOHHO 6ojii.moro Kap- 
flHHajia «! < /c, «! € SINn corjiacHO jieMMe 
3to BjieneT saKjnoHHTejibHoe npoTHBopenne: paccMOTpHM jik)6oh 
S/A'^n-KapflHHaji ai > a5* npeflejitHbiit fljiH SINn fl ai h koh- 
4)HHajibHOCTH c/(ai) > x*"*") floCTaBjiHiomHH TaKoe HenycToe 
MHOJKecTBO CO CBOHCTBaMH H3 TeopeMbi 2, Torfla 

4)yHKLi,HH aSj HeMOHOTOHHa Ha 3TOM no TeopeMe 1 h b 

TO JKe BpeMH MOHOTOHHa Ha 3TOM MHOJKeCTBB HO TBOpeMB 2. 

3to HpoTHBopeHHe saBepmaeT flOKasaTejibCTBO ochobhoh Teope- 

Mbl. 

H 
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12 HeKOTopbie cjie^cTBHa 

BepneMCH k nanajiy bo BBeflenne b , r^e npHBOflHjincb pasjiHH- 
Hbie xopomo HSBecTHbie cbhsh MejK^y FHnoTesaMH Gojibluhx Kap- 

flHHajIOB, AkCHOMOH fleTepMHHHpOBaHHOCTH, peryjIHpHblMH CBOH- 

CTBaMH KOHTHHyajiBHBix MHOJKecTB H TaK flajiee (cm. ^peHK |8], 
KanaMopH [9j). Sflecb mbi yKajKeM neKOTopbie npocTbie cjieflCTBHH 
H3 TaKHX pesyjiBTaTOB H ocHOBHoii TeopeMbi. 

I. rnnoTesBi Gojibiuhx Kap^HHajiOB 

PaccMOTpHM sflecb rnnoTesbi Gojibiuhx KapflnnajioB, yTBep- 
JKflaromne cymecTBOBaHHe 6ojibinHX KapflHHajiOB KaKoro-JinGo bh- 
fl^a. HepapxHH Gojibuiax KapflnnajioB pacnojiaraeT hx no "cTeneHH 

HeflOCTHJKHMOCTH" H 6a3HpyeTCH Ha (cJiaGo) HeflOCTHJKHMblX Kap- 

flHHajiax. CymecTBOBaHHe HCKOTopbix h3 hhx (KapflHHajioB Majio, 
cjia6o KOMnaKTHbix h t./;.) npsMO HCKjironaeTCH ochobhoh Teope- 
Moit. CjieflOBaTBjibHO, ne cyn^ecTBycT Kap/;HHajioB, oGjia^aioH^HX 

6ojiee CHJIBHblMH HapTHH,HOHHbIMH CBOHCTBaMH, HaHpHMCp, HCOHH- 

cbiBacMBix KapflHHajioB, KapflHHajioB PaMcea, 3pflema h flpyrnx; 
HSMepHMbie KapflHHajibi TaKJKe ne cymecTByioT, Tax KaK ohh hbjih- 
K)TCH KapflHHajiaMH PaMCBH. B HeKOTopbix cjiynaax b /^OKasaTCjib- 
CTBe HecoBMecTHOCTH FHnoTea 6ojii.mHX Kap/;HHajioB mojkct Gbitb 
Hcnojib30BaHa AC, ho mojkho oGohthcb h 6e3 SToro, HSBjicKaa as 
TaKHX THHOTea cyn],ecTBOBaHHe MOflejiH ZFC + 3 HeflocTHJKHMbilt 
KapflHHaji (cm., HanpHMep, CnjibBep [31j). 

Mbi onycKaeM nepecjaopMyjinpoBKy TaKHX peayjibTaTOB b Tep- 

MHHaX 4)IIJIbTpOB, flepeBbeB, HHcJpHHHTapHblX HSblKOB H T.fl. 

II. CHHryjiHpHtie KapflHHajibi. Illapnbi. 

TaK KaK HeflocTHJKHMbie KapflHHajibi ne cymecTByroT, to bchkhh 
HecHeTHbiH npeflejiBHbm Kapflnnaji cnnryjiapeH. Hsbbctho, hto b 
ZFC KajKflbiH HacjieflHbiH Kap^HHaji peryjiapen. CjieflOBaTejib- 
Ho, KajKflbiii HecHeTHbiit Kap/];HHaji CHHryjiapen b tohhocth Tor/i,a, 
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Kor/;a oh npeflejien. 

Xopomo HSBecTBH saMeHaTejibHbiii pesyjibTaT HeHcena: OTpn- 
ii,aHHe rnnoTesbi neflocTHJKHMbix Kap/];HHajioB BjieneT FHnoTeay 
CHHryjiapHbix KapflnnajioB (cm. TaKJKe CTepn |32]). A HecymecTBO- 
BaHHe BHyTpeHHeft MOflejin c HSMepHMbiM KapflnnajioM BjieneT Ilo- 
KpbiBaromyio jieMMy fljiH CTepjKHeBoit Mopfijia K: fljia Ka>K;];oro 
HecHeTHoro X C On cymecTByeT Y ^ K TaKoe, hto X QY n 
\X\ = \Y\. 

OTCiofla cjieflyeT FHnoTesa CHHryjiapHbix Kap;];HHajioB {Jlppji^, Hen- 
ceH |33|I34)). TaKHM o6pa30M, necymecTBOBaHHe neflocTHJKHMbix 
KapflHHajioB ycTanaBjiHBaeT IloKpbiBaiomyK) jieMMy a FHnoTesy 
CHHryjiHpHbix KapflHHajioB. 

3Ta CHTyaLi,HH npojiHBaeT hobbih cbbt na npo6jieMy inapnoB. 
Xopomo HSBecTHO, hto cymecTBOBaHHe 0^ BjieneT cymecTBOBanne 
HeflocTHJKHMoro B L KapflHHajia (Fhthk, Marn^op, By^HH [35]). 
CjieflOBaTejiBHO, O" He cymecTByeT; 3tot pesyjibTaT BjieneT Ilo- 
KpbiBaiomyio JieMMy p^Jia L no Bbi/;aK3iii,eHCH TeopeMe HeHcena 
(cm. ^eBjiHH, Hencen [36j). 

OTCiofla H H3 SHaMCHHToro pesyjiBTaTa KroHena, ycTanaBjiHBaK)- 
mero 3KBHBajieHTHOCTb cymecTBOBaHHH 3jieMeHTapHoro BjiojKeHHa 
L ^ L H cymecTBOBaHHH O" , cjie^yeT, hto ne cymecTByeT ajieMen- 
TapHbix BjiojKeHHii L ^ L h, flajiee, ne cymecTByeT sjieMeHTapntix 

BJIOJKeHHH La < Lp C KpHTHHeCKOH TOHKOH MeHbineft |q|. 
III. AKCHOMa fleTepMHHHpOBaHHOCTH 

Xopomo HSBecTHO, hto ad BjieneT neKOTopbie FHnoTesbi 6ojib- 
mnx Kap/;HHajioB. HanpHMep, CojiOBait ycTanoBHji, hto AD BJie- 

HBT HSMepHMOCTb KapflHHajia Wi; KapflHHajIbl UJ2^ ijJi;j+2 

TOJKB HSMepHMbi (cM. TaKJKB KjieHH6epr [37], Mignone |38j). Kpo- 
Me Toro, AD ycTanaBjiHBaeT, hto Kap/i,HHajibi cji, UJ2 sBjiaroTca 
(5-cynepKOMnaKTHbiMH fljiH neKOToporo nefloCTHJKHMoro Kap/;HHa- 
jia 5 (BeKKep |39)). MbmnejibCKHH [40] nojiynnji Bi.i/;aK)m,HHCH 
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pesyjibTaT: coBMecTHocTb 

ZF + AD 

BjieneT coBMecTHOCTb 

ZFC + 3 HedocmuDicuMuu Kapdunan. 
CjieflOBaTejibHO, aKCHOMa AD necoBMecTHa, ho mojkho 6ojiee 

TOHHO BblflejIHTb 66 HeCOBMeCTHyK) HacTb: 

HMeHHO, aKCHOMa AD{Yi\) paBHonenpoTHBopenHBa c FHnoTe- 
30H HSMepHMbix KapflHHajioB (Louveau |41)). HosTOMy cymecTBy- 
K)T HefleTepMHHHpoBaHHbie S2-Hrpbi. 

TaKJKe, HcnojibsyH ACi_j{^u}), mojkho flOKasaTb ^Det(J[\) (cm. 
KanaMopH |9j). no3TOMy b 

ZF + AC^i^'u) 

cymecTByroT HefleTepMHHHpoBaHHbie IlJ-Hrpbi. 3tot pesyjibTaT 
BpHfl jiH MOJKHO yjiyHiuHTb, noTOMy HTO Bcc A^-Hrpbi /;eTepMH- 
HHpOBaHbl (MapTHH [42j). 

IV. KoHTHHyajibHtie MHOxcecTBa 

Xopomo HSBecTeH pa^ Bbiflaiomnxca pesyjibxaxoB, ycTanaBjiH- 

BaromHX CBH3H MeJK^ peryjiapHblMH CBOftCTBaMH KOHTHHyajIbHblX 
MHOJKeCTB H GojIBLUHMH KapflHHajiaMH (nO OTHOCHTejIBHOH HCnpO- 

THBopeHHBocTH) . HanpHMep, Illejiax |13] ycTanoBHji neoGxoflHMocTb 

HeflOCTHJKHMblX KapflHHajIOB flJIH yTBepjKfleHHS, HTO BCe MHOJKe- 

CTBa fleltcTBHTejibHbix HHceji HSMepHMbi no Jle6ery; hsmcphmoctb 

Sg-MHOJKeCTB BJICHCT HeflOCTHJKHMOCTb CJl B L (cM. TaKJKe 

Raisonnier |44)). OTCK)/;a cjie^yeT cymecTBOBanne nensMepHMoro 
Eg-MHOJKecTBa fleftcTBHTejibHbix HHceji. AnajiorHHHO, nenpoTHBO- 

peHHBOCTb 

ZF+DC+KaMcdoe HecuemHoe MHOCHcecmeo 



12. HcKOTopbie cjieflCTBHsi 
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deucmeumeAbHux hucba UMeem coeepmeHHoe ndpo 

He MOJKeT 6MTb flOKasana 6e3 rnnoTeabi HSMepHMbix KapflHHajioB 
(cm. MbmHejibCKHH KpoMe Toro, cjieflyromne rnnoTesbi pas- 

HOHenpoTHBopeHHBbi Ha/; ZF: 

1) + 3 HedocmuMcuMuu KapdunaA; 

2) DC+ KaMcdoe HecuemHoe MHOMcecmeo deucmeumeAbHux 
HuceA UMeem coeepmeuHoe ndpo] 

3) OJi pezyAHpeH + Va G ^uj {uj^^"^ < oji^ 

(cm. CojioBaft j26| . IIIneKep |45) . JleBH |2I])- HoaTOMy DC BjieneT 
cymecTBOBaHHe MHOJKecTBa fleHCTBHTejiBHbix HHceji 6e3 coBepmen- 
Horo Hflpa H peryjiHpHOCTb BjieneT 

fljia HeKOToporo a € '^i^. TaKJKe xopomo hsbcctho, hto FHnoTe- 
3a cjia6o KOMnaKTHoro Kapflnnajia paBHonenpoTHBopenHBa (nafl 
ZFC ) c yTBepjKfleHHeM o peryjiapntix CBoftcTBax Bcex KOHTHHy- 
ajiBHbix HecHeTHbix MHOJKecTB B ZF + MA (XapHHrTOH, Ille- 
jiax |46)). CjieflOBaTejiBHO, ocHOBHaa TeopcMa bjichbt cymecTBO- 
BaHHe HecHeTHbix MHOJKecTB C 6e3 peryjiapHbix cbohctb. 
3th pesyjibTaTbi mojkho yTOHHHTt; nanpHMep, CojioBalt |3U) ycTa- 

HOBHJI, HTO P^Jia BCHKOrO a € ^ VJ^^"^ < UJl SKBHBaJieHT- 

Ho CBOHCTBy coBepmeHHoro H/;pa bchkofo n}(a)-MHOJKecTBa fleft- 
CTBHTejiBHbix HHceji. OTCK)fla cjieflyeT, hto peryjiapnocTb uoi Bjie- 
HeT cymecTBOBanne n}(a)-MHO>KecTBa fleftcTBHTejiBHtix HHceji 6e3 
coBepmeHHoro a^pa ^jih neKOToporo a G ^w. 

V. AKCHOMa MapTHHa 

CjieflCTBHH H3 pe3yjii.TaTOB XapHHrTOHa, Illejiaxa |46] h ochob- 
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Fjiasa III. IIpHjiOyKeHHsi cneu,iiajibHom TeopHn 



HOH TeopeMbi, ynoMHHyTbie Bbime, mojkho ccJjopMyjiHpoBaTb 6ojiee 
TOHHO, HanpHMep, cjieflyromHM o6pa30M: 

MA BjieneT cymecTBOBaHHe Ag-MHOJKecTB, jiHineHHbix cBoftcxBa 
Bapa, H HeHSMepHMbix Sg-MHOJKecTB C ^uj. 
KaHOBeli [47j ycTanoBHji b 

ZFC + MA + \R\ > uji+\/x <Zuji u}^^""^ = ujq 

COBMeCTHOCTb 

ZFC + 3 Hedocmu^icuMuu KapdunaA. 

CjieflOBaTejiBHO, MA necoBMecTHa c 

ZFC + \R\ > + Vx C wi f"-'' = wq. 

Pafl flpyrnx cjieflCTBHH ochobhoh TeopeMbi cjihiukom bbjimk, 
HTo6bi 3flecb Hx nepeHHCjiHTb, no3TOMy aBTop HaMepeBaeTca npe^- 
cTaBHTb 6ojiee fleTajibHbili anajiHs Taimx cjieflCTBHH b flajiBHeftinHx 
ny6jiHKaii;HHX. 



IlpHMeHaHHH 



^) CTp. |33l 3to nocjieflHee yTOHHeHne He HBjiaeTCH Heo6xoflH- 

MblM H flOKasaTejIbCTBO OCHOBHOH TeopeMbI MOJKHO npoBecTH 6e3 

Hero (u,eHOH neKOTopbix HesHaHHTejibHtix ycjiojKHeHHii) , oflnaKO 
MM npHMeM ero, htoGbi necKOJiBKo coKpaTHTb npe/i,CTOHii],He pac- 
cyjKfleHHH. 

10) gj] g^pQ onpeflejieHHe HcnojibsoBajiocb panee (Knce- 

jieB |15H17) ) B BHfle eflHHoro TeKCTa, a Tenept oho pasflejieno na 
HacTH HTo6i.i npoHCHHTb ero CTpyKTypy. 

CTp. 1481 3to 3aMbiKaioiii,ee ycjioBHe K'' fleftcTByeT sflecb KaK 
ycjioBHe K'^, HcnojibsoBaHHoe panee (KncejieB |15H17) ). ho 6o- 
jiee onepaTHBHbiM oGpasoM, TaK KaK oho /i,eHCTByeT Tenepb BHOjine 

ycneniHO 6e3 nofl(]3opMyjibi (7*^"^ = 7 — >■ lim(7)), KOTopaa panee 
BbisbiBajia sHaHHTejiBHoe ycjiojKHeHHe ^oKaaaTejibCTBa. 

CTp. |49l 3th hohhthh aHajiorHHHbiM o6pa30M mojkho BBecTH 

H B HepHJIHTHBHSOBaHHOH (JjOpMC flJIH Ol = /c, HO B 3TOH 4)OpMe 

OHH He HCHOjibsyroTCH B flajiBHeltmeM; KpoMe Toro, b 3toh c^opMe 
OHH HyjK/;aK)TCH B HpHBjieHCHHH 6ojiee cjiojKHoro (nesjieMeHTap- 
Horo) H3biKa Ha/; L^- 

13) prpp \iQQ\ MojKHO /];oKa3aTi., HTO 3/;ecb (^^"^^ = 7^"^ ■ 
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IIpHMe^aHHSi 



CTp. llOll CnoBa B fleftcTBHTejibHOCTH sflecb (5^"i=7^"i. 

15) CTp. 11041 B fleftcTBHTejiBHocTH flecb a^"i = 1 Ha ]Ti,r2[ 
H cHOBa = 7^"^ . 

16) ^281 IlocjieflHee ycjioBne He HBJiaeTCH Heo6xo/i,HMbiM, ho 

BCe-TaKH HpHHHMaeTCH HTo6i.I o6eCHeHHTb eflHHCTBeHHOCTb TaKOH 

jiecTHHH,bi fljiH HeKOToporo y/;o6cTBa. 
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